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belong to the class of hypersurfaces with a canonical principal direction. This

MSC- property is a type of rigidity. We further specialize to the case of constant mean
53825 curvature (CMC) hypersurfaces and characterize them in two relevant cases: when
53B30 the hypersurface is orthogonal to Z then it is totally umbilical, whereas if Z is
53C42 tangent to the hypersurface then it has zero Gauss—Kronecker curvature and either
53C50 its mean curvature vanishes or the ambient is a semi-Euclidean space. We also treat

in detail the surface case, giving a full characterization of the constant angle CMC
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1. Introduction

The study of the geometry of constant angle surfaces is as old as the classical theory of surfaces itself.
As its name suggests, constant angle surfaces are immersed surfaces M? C R?® which make a constant angle
with respect to a distinguished vector field Z. These surfaces can be thought as two dimensional analogues
of well known curves that make constant angle with a prescribed direction, such as helices (fixed direction),
logarithmic spirals (radial direction) or rhumb lines (direction given by meridians on the sphere). In this
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context, one of the most fundamental questions in this field consists in classifying those constant angle
surfaces that satisfy certain geometrical properties, such as being minimal, umbilical, etcetera.

In recent years, a renewed interest for such surfaces has grown and several interesting generalizations of
the concept have arisen. For instance, the ambient space R has been replaced by cartesian products or
warped products, or even Lorentzian 3-manifolds. Just to mention a few of the most relevant developments
in this scenario, we have the classification of surfaces in R x S? and R x H? making a constant angle
with respect to a constant field in the first factor [6,7,9]; or non-degenerate surfaces in Lorentz—Minkowski
3-space R} making a constant angle with a fixed non-lightlike direction [20,17]. Going one step further,
notice that in the aforementioned cases the distinguished directions project to principal directions on M
with non-vanishing principal curvatures. Surfaces having this property are said to have a canonical principal
direction and have been extensively studied both in the Riemannian and Lorentzian settings [5,8,13].

Another suitable generalization consists in replacing constant (i.e. parallel) directions for other types of
distinguished vector fields that carry geometrical relevance, such as Killing fields [22]. Closed and conformal
vector fields are a natural generalization of both parallel and Killing vector fields, since they are infinitesimal
generators of conformal mappings that are locally gradient fields. The presence of a closed and conformal
vector field in the ambient space is a powerful tool that can be used to establish classification results, as is
illustrated by the work of S. Montiel [21] and A. Barros et al. [2] on spacelike hypersurfaces of constant mean
curvature. In [16] hypersurfaces in Riemannian warped products making a constant angle with respect to
a closed and conformal vector field are classified. In [24] and [1] similar classification results are established
for Lorentzian 3-manifolds and Riemannian 3-dimensional space-forms, respectively.

In this work we study constant angle CMC hypersurfaces immersed in semi-Riemannian space forms, thus
extending some of the results obtained in [1,4,13,11,16,17,20,22,24] to the context of closed and conformal
vector fields. This paper is organized as follows. In section 2 we establish the notation and main results
pertaining semi-Riemannian space forms and closed and conformal vector fields. In particular, we show
that in any semi-Riemannian space form, any tangent vector can be extended locally to a closed and
conformal vector field, which is essentially the projection of a parallel vector field. Moreover, in a space
form of non-vanishing curvature, any closed and conformal vector field can be realized in such a way. In this
section we also find formulae for the (intrinsic) Laplacian of the squared norm of a closed and conformal
vector field defined along a semi-Riemannian hypersurface. In section 3 we develop the concept of a constant
angle hypersurface in a semi-Riemannian manifold and prove under mild assumptions that hypersurfaces
that make a constant angle with respect to a closed and conformal vector field have a canonical principal
direction. In section 4 we deal with two special cases of geometric significance, namely, when Z is either
orthogonal or tangent to M, and provide a full description in the semi-Euclidean scenario. Finally, in
section 5 we present the classification of CMC surfaces in three dimensional semi-Riemannian space forms
having a constant angle with respect to a closed and conformal vector field.

2. Preliminaries

Let us denote by R?*2 the semi-Euclidean space given by the real vector space R"*2 endowed with the
semi-Riemannian metric

(u,v) = —ugv] — ... — UsUs + Us11Vs41 + -« + Un12VUnto,

and recall that a vector u € T,R"*? is called timelike, spacelike or lightlike if (u,u) is negative, positive, or
zero, respectively. Furthermore, if u is non-lightlike then €, = £1 will denote the sign of (u,u).

The non-degenerate hyperquadrics in R?*2 are totally umbilical and geodesically complete hypersurfaces
with constant sectional curvature, and thus are locally isometric to a semi-Riemannian space form although
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not simply connected in some cases. Since our analysis is purely local, we identify these hyperquadrics with
the semi-Riemannian space forms of corresponding dimension and signature.
The pseudosphere of radius r > 0 is the hypersurface defined by

Syt (r) ={e eRIP?? | —af — .. =2l a4+ +ad =17,

which corresponds to the semi-Riemannian space form of constant sectional curvature ¢ = 1/r? of dimension
n + 1 and index s.
Similarly, the pseudohyperbolic space form of radius r > 0 is the hypersurface

n+l(.y . n+2 2 2 2 2 2
Hs (7") '*{xERerl | 7931*...*ZIZS+1+ZL’S+2+...+ZIZ”+2—7T’ }ﬂ
with dimension n + 1, index s and constant curvature ¢ = —1/r2.

. .. ~n+1
Remark 2.1. For simplicity, we denote the space forms R?*1 S"*1(r) and H?*1(r) by M ' (c) where ¢ = 0,
¢ =1/r? or ¢ = —1/r? respectively. In a similar fashion, we denote by R"*2 either of the semi-Euclidean

ambient spaces R?*2 or R?j‘f When ¢ = 0 we take a totally geodesic immersion of R?*! through the origin

of R+2,

In what follows, we will denote by D the Levi-Civita connection of the semi-Euclidean spaces R"*2 while
= . S . —n+1 . —n+1
V will denote the Levi-Civita connection of MZJF (¢). Lastly, let us recall that since the space forms MZ+ (c)
are manifolds of constant sectional curvature ¢, its Riemann curvature tensor satisfies

R(X,Y)Z = c((Y, Z2)X — (X, 2)Y) 1)

for all smooth vector fields X,Y, Z € F(TM:H(C)).
We now define a class of vector fields that will be the key in this work.

Definition 2.2. A nonzero smooth vector field Z on a semi-Riemannian manifold M is called closed and
conformal if there is a function ¢ € C°°(M) such that Vy Z = @Y for every smooth vector field Y on M.
We call ¢ an associated function of Z.

Since closed and conformal vector fields can be thought as infinitesimal generators of conformal mappings,
they are usually present in semi-Riemannian contexts where conformal symmetries play an important role.
For instance, in the Lorentzian setting we have that lightlike (pre)geodesics are conformal invariants and
thus closed and conformal vector fields arise naturally in scenarios like the study of plane gravitational
waves [18,10].

From the definition, we immediately see that parallel vector fields are closed and conformal with ¢ = 0.
Let us point out that not all semi-Riemannian manifolds admit a non-parallel closed and conformal vector
field. For instance, in the Riemannian setting no compact manifold with non-positive Ricci curvature has
a non-parallel closed and conformal vector field [25], whereas in the presence of signature only a few such
manifolds exist [19]. However, as the following result shows, this is not the case for semi-Riemannian space
forms. Even further, any tangent vector u € T,,M:H(c) can be extended to a closed and conformal vector
field Z in MZH(C).

Lemma 2.3. For every p € M:H(c) and every u € TPM:H(C) there exists a closed and conformal vector
field Z on M:H(c) such that Z(p) = u. Moreover, the associated function of Z is given by

p(x) = —c(U(z), z),
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where U is the constant vector field along MZ+I(C) extending u and satisfies:
X'@:70<Z’X>v <Z(:c),Z(:z:)>:<u,u>fcp2/c,
forall X € F(M:+1(C>).

Proof. Using the canonical embedding of the space form M:H(c) in a semi-Euclidean space R"™2 we can
—n+t1 —Znt1
extend u to a constant vector field U: M;H_ (¢) — TRZ*2 along M:+ (¢) and thus define Z by

Z(x) :=U(z) — c(U(z), z)x.

First notice that in the case ¢ = 0 the vector field Z(x) = U(z) is parallel, hence closed and conformal with
¢ = 0 and the claims follow immediately. On the other hand, if ¢ # 0 notice that for every z € M?H(C)
we have (x,z) = 1/c with x orthogonal to TIMZ—H(C) and in particular, (p,u) = 0. These facts imply that
(x,Z(x)) =0, ie. Z(x) € Txmzﬂ(c) and Z(p) = u. Further, let X be a vector field in Mzﬂ(c) and note
that
VxZ=(DxZ)" = (—ecDx (U, z)x))"
= (—c(U,X)z — c(U,2)X)"
=—c(U,z)X.

Thus, Z is closed and conformal with ¢(z) = —¢(U(x), x). Moreover, a straightforward calculation shows
that

X -p=—cX -({Uz)=—-cUX)=-cZX).
Finally, note that o(U,z) = —p?/c = —¢*(z, x). Thus
(2,2) = (U,U) +20{U, 2) + ¢*(z,2) = (w,u) —*/c. O

Remark 2.4. Let us observe that in Lemma 2.3, if ¢ > 0 and w is timelike then Z is a timelike vector field
—n+1
on MS+ (¢). Similarly, if ¢ < 0 and u is spacelike then Z is everywhere spacelike as well.

Let us notice that Lemma 2.3 gives us a method for constructing closed and conformal vector fields on

M?H(c). We now show that essentially all closed and conformal vector fields on M?H(c) come from such

a construction. In order to do so, we first show that in semi-Riemannian space forms closed and conformal
vector fields are gradient fields of its associated functions.

Lemma 2.5. Let Z be a closed and conformal vector field on a semi-Riemannian space form M:—H(c) with
associated function ¢. Then Vo = —cZ.

Proof. Since Z is closed and conformal then for all X,Y € F(TMZ+1(C)) we have
VxVyZ =Vx(Y) = (X -0)Y +¢VxY = (X, V)Y + VY.

—n+1
In particular, if X = 0;, Y = 0; are two local coordinate vector fields around p € MZ+ (¢), in virtue of the
above calculations and equation (1) we have two different expressions for the Riemann tensor given by:

E(&i,(’)j)Z = <a“v(p>8j — (@,V@}&y
E(&i,aj)Z = C(<8j,Z>8¢ — <8z, Z>8J)
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By comparing the above expressions we conclude that (9;,cZ + V) = 0 for all coordinate vectors 9; and
thus ¢cZ + Ve =0. O

Corollary 2.6. Let Z be a closed and conformal vector field on MZ-H(C) with associated function ¢. Then
Z(z) = U + pz, where U is a parallel vector field of the corresponding semi-Euclidean space R*2. If
¢ =0 then @ is constant and therefore Z is either parallel or radial. If ¢ # 0, ¢ = —c(U,x) and (Z,Z) =
(U, U) — p?/c.

—n+1
Proof. Let z be the position vector field of R?2. Observe that M, (c) C R"*2 is totally umbilical since
its second fundamental form h satisfies

X, W) = —c(X, W)z,

for every X, W € F(TMZ+1(C)). Set U := Z — px. We claim that U is parallel along M:H(C). Indeed, by
Lemma 2.5 we have

DwU =DwZ — (W -p)x — pDwa
=VwZ+WMZ,W)+c(Z,W)x — W
=W + h(Z,W) +c(Z,W)x — W =0,

thus proving the claim. Moreover, if ¢ = 0, Lemma 2.5 shows that V¢ = 0, hence Z = U + oz with U
parallel and ¢ constant along Mzﬂ(c). It immediately follows that Z is either parallel (when ¢ = 0) or
radial with center in U (when ¢ # 0). Finally when ¢ # 0, from the relation Z = U + oz we deduce that

0= (Z,2) = ({Ux) +¢/c,
from which ¢ = —c(U,z) and (Z, Z) = (U,U) — p?/c. O

Another interesting feature of closed and conformal vector fields is that their norm is constant along
orthogonal vector fields.

Lemma 2.7. Let Z be a closed and conformal vector field on MZH(C) with |Z] # 0 and p # 0. Then a vector

field X € F(M:+1(C)) is orthogonal to Z if and only if X - |Z] = 0.

Proof. Let ez be the sign of (Z, Z). Thus, by letting X act on both sides of the equation |Z|? = €z(Z, Z),
we have

21Z|X - |Z| = 2e2(NxZ,Z) = 2ezp(X, Z) = 0.
Thus (X, Z) =0ifand only if X - |Z] =0. O

—nt1
Definition 2.8. We say that an immersed hypersurface M — M:+ (¢) is semi-Riemannian if its induced
metric is non-degenerate. In this context, the Levi-Civita connection of M will be denoted by V.

Lemma 2.9. Let M C MZH(C) be a semi-Riemannian hypersurface and let Z be a closed and conformal
vector field on M;H with associated function ¢. Then

Vo=—cZ".
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Proof. Let X € T'(TM) be any vector field on M. Then using Lemma 2.5 we have
Vo, X) =X -0 =(Vp,X) = (—cZ,X) = (—cZ ", X).
This finishes the proof since the induced metric in M is non-degenerate. 0O
If M is a semi-Riemannian hypersurface of M:H(c), we can always find a non-lightlike local unitary
vector field § orthogonal to M. Thus, we can decompose any vector field Z of MZH(C) in its tangent and

normal components Z ' and Z+. Moreover, using this decomposition the standard form of the Gauss and
Weingarten formulae can be written as

VxY =VxY +a(X,Y),

VxN = —An(X)+ V%N,
for all X, Y e T(TM), N € F(TLM). See, for example [3,23]. Here Ay denotes the shape operator of N,
a the second fundamental form of M and V- the normal connection of M. Let us recall that M is said
to be totally umbilical if there exists a smooth function A such that Ay(X) = AX for all X € I'(T'M). If

A = 0 (or equivalently, the second fundamental form is null: @ = 0) then M is totally geodesic. As a direct
application of the Gauss—Weingarten formulae we establish the following lemmas:

Lemma 2.10. Let M C M?H(c) be a semi-Riemannian hypersurface and Z o closed and conformal vector
—n+1
field on MZ+ (¢) with associated function ¢. Then

VxZ' = X + Az (X)
(X, 2Ty = -VxZt.

In particular, if T = Z7 )| Z7| then
VzTT - Azj_ (T)
Proof. Since Z is closed and conformal, we apply Gauss and Weingarten formulae to find

QOX = VXZ = szT +vle
=VxZ +a(X,ZT)— Ay (X)+ V%2t

Comparing tangent and normal components at both sides of the equation gives the general result at once.
In a similar fashion, let us notice that

\Y zr 1 v ZT+(ZT 1 )ZT
T = T :
2zT Nz 1Z7]
%) 1
= <W +2z7. W) z" +AZL(ZT).

Since T = Z"/|Z 7| is unitary, we have that V=T is orthogonal to ZT', thus finishing the proof. O

Lemma 2.11. Let M C M:—H(c) be a semi-Riemannian hypersurface and Z a closed and conformal vector
—n+1
field on Ms+ (¢) with |Z| # 0. If Z is orthogonal to M then M is totally umbilical.
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Proof. Since Z is orthogonal to M then £ = Z/|Z| is a unitary normal vector field defined along M. Let
X € T(TM). Then, by Lemma 2.7 we have

_ 1 1 _
A(X) = -Vxt=—(X-— ) 72— —VxZ
e(X)=—Vxt ( |Z|> 7]V

P
=—-——X.
2|

We now proceed to find expressions for the intrinsic Laplacians of both the squared norm of a closed and
conformal vector field defined along M and the squared norm of its tangent component. This latter formula
generalizes to semi-Riemannian space forms a previous technique developed by D. Fetcu and H. Rosenberg
in the context of parallel vector fields in H3 x R and S* x R (see p. 715 in [12]). These results will be key
ingredients for the analysis of constant angle hypersurfaces that we will perform in sections 4 and 5. First,
recall that the mean curvature vector can be written in an orthonormal frame {e;,...,e,} as

H= Zeia(ei,ei), (2)

where « is the second fundamental form of M and ¢; is the sign of (e;, e;). We also have the following
expression for the (signed) square norm of «a:

n

<C¥,Oé> - Z €i€j<a(eivej)aa(ei76j)> (3)

7,j=1

—n+1

Proposition 2.12. Let M be a semi-Riemannian hypersurface isometrically immersed in M:+ (c) with mean
—n+1

curvature vector H. If Z is a closed and conformal vector field on I\\AIS+ (c) with associated function @, then

NZ,Z) = 2((Vp, Z) + o(H, Z) + ¢*n). (4)

Proof. We will prove the relation pointwise. Let p € M and {ey,...,e,} be a local frame in M around p
such that V,e;|, =0 for all ¢, j. Let ¢; = (e;, ;). Then

n

NZ,Z) =) eiei-ei-(2,Z2) =2 €e; - (pei, )

i=1 i=1

= QZQ‘K(Q‘ “p)ei, Z) + o((Ve,ei, Z) + (ei, Ve, Z))]

=23 al((ei- )i, 2) + p(alei i), Z) + wleis )]

n

= 2(( eilei e, Z) + @(Z cofei,e), Z) + ¢* 26:{)

i=1

=2((Vp, Z) + o(H,Z) + ¢*n). 0O

Proposition 2.13. Let M be a semi-Riemannian hypersurface isometrically immersed in M?H(C) with second
—n+1
fundamental form o, mean curvature vector H and let Z be a closed and conformal vector field of M:+ (¢)

with associated function @. Then the tangent component Z' of Z along M satisfies the equation
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NZT,ZTY=2Z" - (H,Z) +n(Vp,Z) + Ric(Z",Z")
+ 6§|ZL|2<OZ, Q) + 20(H, Z) + np?).
Proof. Let p € M and choose a local orthonormal frame e; around p such that V., e;|, = 0. Then
A<ZT7 ZT> = Zeiei c € <ZT,ZT>
i=1

21 €i(VeVe, 2", 2Ty +> eV, 2T,V ZT)| . (5)
=1

i=1
In order to find a closed expression for the second sum we notice that
(Ve,ZT Ve, ZTY = (Agres, Agies) +20(Agies e;) + 0 (e, e;).

Thus

n

N elVe, 2T,V Z2T) = |24 Flay a)ee + 20(H, Z) + ng?. (6)
=1

We now deal with the first sum. Since A+ is symmetric, so it is V., Az7. Further, since V., e;|, = 0 we
have (V¢,Azi)e; = Ve, (Azre;). Hence

€i<(veiAzj.)€i,ZT>

I

n

o
g €{Ve,Agre, Z') =
i=1

i=1

eifei (Ve Ay)ZT)

[

s
I
—

n

€1<€1,V61 AzlzT Zﬁl el,AzL elZT)>.
i=1

I

=1

Now we proceed to compute each of these two sums separately. First notice that

n

> eilei Ve (Az027)) =

i=1 1

€ilei, Ve, (Vyr ZT —ZT))

]

7

6i<€i,veiVZTZT> — Z€i<ei7ei . QDZT> — Z€i<€i,(,0veiZT>

i=1 i=1

|

s
I
—

€i<6i7v€inTZT> - <v<p7Z> - diVZT'

I

1

7
On the other hand, since szTeiZT|p = 0 we have

n

D oeilei Az (Ve Z7) =Y elenVy, 2727 — ¢V, Z7)
=1 1

1=

I
NE

€i{ei,=Vigr enZ") = divZ'.
1

-
Il
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Thus we have

n

Zei<veiAZJ_€i7ZT> =

=1

-

©
Il
-

€i<ei7vein7ZT + V[ZT,ei]ZT> - <VSO7Z>

-

<
Il
—

€i<eivaTveiZT - RZTeiZT> - <v907 Z>

€ile;, Vyr(Agie; + pe;)) + Ric(ZT,ZT) —(Vo, Z)

-

«
Il
-

€i(VzrAgreie)+ > a2 - pei e;) + Ric(Z',Z") - (Vo, Z)

i=1

-

<
Il
-

€i(VyrAgieie)+(n—1){(Vp, Z) + Ric(Z",Z7)

-

s
Il
_

e&(Z" (Agieie)) —(Agiei,Vyie))+(n—1){(Vp, Z) + Ric(Z",Z")

-

h
Il
—

=7Z" (H,Z)+ (n—1){(Vp,Z) + Ric(Z",Z").

Notice that we can find now the first sum as follows:

(Ve (Agre; +vei), ZT)

NE

ei<V@iV€iZT, ZT> =
1

n
=

1

~.
Il

n n

ei(VeiAZLei, ZT> + Zez(ei *Pe;, ZT> + Z€i<4pvei€i, ZT>
1 i=1 =1

ZU(H,Z) +n(Vp,Z)+ Ric(Z",ZT). (7)

Il
WM:

Finally, by substituting equations (6) and (7) in (5) we get the desired formula for the Laplacian. O
3. Constant angle hypersurfaces

In the Riemannian setting, the angle between two hypersurfaces can be defined as the angle spanned by
their normal vectors. In a similar fashion, the angle between a hypersurface M and a given vector field X
along it can be measured in terms of the angle spanned by the unit normal vector field £ and X, and thus,
if the function (X/|X|,€) is constant on M we say M is a constant angle hypersurface with respect to X.
This notion can be easily generalized to the Lorentzian setting provided M is semi-Riemannian and X is
non-lightlike [13,24]. The following definition is a further generalization of this concept to semi-Riemannian
manifolds of any signature.

Definition 3.1. Let M be a semi-Riemannian hypersurface in MZ—H(C) and ¢ a normal vector field to M in
a neighborhood V of p € M with (£,£)? = 1. Let Z be a closed and conformal vector field on M?H(c) that
does not vanish along M. We say that M is a constant angle hypersurface with respect to Z if the product
(Z/|Z],€) is constant along V C M.

In what follows, £ will denote a local unitary vector field orthogonal to a semi-Riemannian hypersurface
—n+1 1
M isometrically immersed in M:Jr (¢) and Z will denote a closed and conformal vector field on M:Jr (¢)

with associated function ¢ that does not vanish along M.



482 M. Navarro et al. / Differential Geometry and its Applications 49 (2016) 473495

Remark 3.2. Let Z = ZT 4+ Z+, where ZT € TM and Z+ € T+ M are its tangent and normal components,
respectively. Since our analysis will be local, we can assume that Z, ZT and Z* have a constant causality,
and we further assume none of them is lightlike. Notice that in particular none of them vanishes. That is,
we will assume that

are constant nonzero locally. In particular, we have to deal with the cases in which Z is orthogonal to M
(i.e. ZT =0) or tangent to M (i.e. Z+ = 0) separately.

Lemma 3.3. Let Z = ZT + Z* be the decomposition of Z in its tangent and normal parts along M. Then
the following are equivalent:

. M is a constant angle hypersurface with respect to Z.
- AZ)12|,Z7]|1ZT|) is constant.
{27 )|2|,Z7 ]| Z]|) is constant.
. AZ+)\Z|,Z+ | Z|) is constant.

=W N =

Moreover, we have the following relations

(24,2 = (2.9,
<TJU=%§@@%

(2,2) = ;—i<z,§>2,

ZT

Z
where A and p are such that — = XT + p&, with T = W

1Z|
Proof. Let us observe that ZT = |Z|\T and Z+ = |Z|u&. In virtue of the relation
€7 = er A + eguz (8)
it follows that A is constant if and only if u is constant. Now, let us observe that

(Z)|2),27)|Z7)) =(Z"]|Z|,T) = (AT, T) = er,
(ZT)12),27)|Z]) = (AT, AT) = er\?,
(Z5)12),27+)12|) = (u&, n&) = eepi”.

Moreover, by definition, M is a constant angle hypersurface with respect to Z if and only if the function
(Z/1Z|,€) = eep is constant. The result readily follows. O

We continue our analysis of constant angle hypersurfaces showing that they belong to the class of hyper-
surfaces with a canonical principal direction. We need first an easy calculation.

Lemma 3.4. Let M C M:+1(c) be a constant angle hypersurface with respect to a closed and conformal
vector field Z with associated function . Then
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€zy

Proof. Let {ej,...,e,} be an orthonormal frame defined in a neighborhood of p € M. Thus

n

V{Z,Z) = Zei(ei (Z,2))e; = 2¢Z€i<ez‘a Z)ei = 2<PZT-
i=1

=1
On the other hand, V|Z|* = 2|Z|V|Z|. Thus

Vez{Z,Z) _ €29 7

V|Z| = -
22| 1Z|

O

Proposition 3.5. Let M C M:H(c) be a constant angle hypersurface with respect to a closed and conformal
vector field Z with associated function . Then

6Z@<Za§> .

Ae(ZT)=kZ", where k= — i

9)

That is, Z" is a principal direction of M with principal curvature k given by (9). Moreover, the integral
curves of T = Z" /| ZT| are geodesics of M.

Proof. As before, we work at p € M. Let {ey,...,e,} be an orthonormal frame at p such that V. e;[, = 0.
Since Z is closed and conformal, (V,,Z,£) = (pe;, £) = 0. Thus

i=1 i=1
= e&(Z7,—Acei)ei = eilei, —A(Z7))e;
i=1 i=1
= —A¢(Z7)
A similar computation yields
V{(Z,Z) = Zq(ei AZ,Z))e; = 2(,02@(@, Z)e; = 202",
i=1 i=1

On the other hand, V|Z|?* = 2|Z|V|Z| implies that

VGz<Z,Z> (A T
VZ|=—2 """ =2"7",
=7 T ]

Then

1 __fz¥ T
1zl 1ZP

Now, since M has constant angle with respect to Z we have

%$=wﬂvi+iww@

0=V
1zl 12|
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and hence

_€Z<P<Z7 €>

T
ZP zZ'.

A(Z7) = -V(Z,€) = |27, @v% _

As a consequence, by Lemma 2.10 we have that V7T is both a multiple of Z and orthogonal to it. Hence
V1T = 0, which means that the integral lines of T are geodesics. 0O

Remark 3.6. Notice that the result in Proposition 3.5 is equivalent to

_ecegerplZTP(Z,€)

AN AN
a( ? ) ‘Z‘Z

€.

Corollary 3.7. Let M be a hypersurface isometrically immersed in MZ+1(C) with mean curvature vector H
and let Z be a closed and conformal vector field with associated function . If M has constant angle with
respect to Z then the Ricci curvature of M in the direction Z T is given by

; H,§){Z,¢ 2(Z,€)?
Rie(2T,2T) = eal 2T (n = e SZALLEG _cen B0,

In particular, if M is a two dimensional surface then its curvature is

_ ecegp(H, §)(Z,€) 65902<Z,€>2_

K =
¢ 2] 2]

Proof. By Proposition 2.3 in [3] page 35,

Ric(Z",Z")=(n—-1)(Z",Z e+ (H,a(Z",Z7))

- Zq(a(ZT,ei)aa(ZT’ei»’

i=1

where {ey, ..., e,} is an orthonormal frame of M. We can choose e; to be Z T /|ZT|. Then, by Proposition 3.5,
we have a(Z T, e;) = 0 for every j > 2 and

ecezerp|ZTP(Z,€)(H, )
|Z]?

((27,27),a(27,27)) = €§¢2|Z|;||i<z’ &

(H,a(Z7,Z7)) =

The formulae follow from a straightforward substitution. 0O

The next result characterizes the hypersurfaces in a semi-Euclidean space with zero mean curvature and
making a constant angle with respect to a radial vector field in the ambient space.

Corollary 3.8. Let M C R""! be a constant angle hypersurface with respect to a radial vector field Z in
R If M has zero mean curvature then Ric(Z7,27) = fegeT/\Q;Fch is constant. In particular, if this
constant is zero then either Z is tangent or orthogonal to M.

Proof. Since Z is radial we have that ¢ # 0 is constant. Since H = 0 and ¢ = 0 by hypothesis, Corollary 3.7
yields
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_ecer|ZT P07 (Z,€)?

(7T Ty
Ric(Z',Z") = Z)

Thus Ric(Z7,Z7) = 0 if and only if Z is either tangent (i.e. (Z,&) = 0) or orthogonal (i.e. ZT = 0)

to M. Otherwise, we can use the relations in Lemma 3.3 to conclude that Ric(Z7,Z7) = —ecer N2 p? is

a non-zero constant. O

Proposition 3.9. Let M C M?H(c) be a constant angle hypersurface with respect to a closed and conformal
vector field Z with associated function ¢ and let H be the mean curvature vector of M. Then

A ZT ZT _ 26TﬁZ|ZT|2 2

Proof. Since M has constant angle with respect to Z, by Lemma 3.3 we have that A is constant. Thus we
take the Laplacian in both sides of (Z7,Z") = erezA%(Z, Z) to obtain

NZT,ZTY = epez NP N2, Z)
= 26T€Z}‘2(<v907 Z> + @(Hv Z> + 902”)
and the result follows. O

4. CMC constant angle hypersurfaces

In this section we use the results proven so far in the analysis of constant mean curvature (CMC)
hypersurfaces having a constant angle with respect to a closed and conformal vector field. As a first step,
we derive a formula that generalizes J. Simons’ formula for the intrinsic Laplacian of the normal component
of a parallel vector field to our context (refer to [26], p. 89).

4.1. Simons type formula and applications

Theorem 4.1. Let M be a semi-Riemannian hypersurface isometrically immersed in M:H(C) with CMC and
—n+1
let € be a local unitary vector field orthogonal to M. If Z is a closed and conformal vector field on MS+ (c)

with associated function p, then
A(Z,6) + (o, a)(Z,§) + p(H, §) = 0, (10)
where « is the second fundamental form of the immersion and H is the mean curvature vector of M.

Proof. As we have done before, we consider a local frame in M around p such that Ve e;, = 0. Then by
Equation (2) the Laplacian is given by
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We now compute the last term in the right hand side of Equation (11) taking into account Equation (3):

n n n
S alZoalen A(e)) = Y ailZoalen Y ¢ Aclen)).e))ey))
=1 i=1 j=1
=Y acilZ alei,e))) (aleire;), €)
i=1
= Z€f€i€j<a(ei76j)a§>2<za 5)
i=1
= _eieslale e;), alen ) (Z,¢)
i=1
= (a,a)(Z,¢).
Finally, let us show that the remaining term in the right hand side of equation (11) vanishes. First we
consider
Ve, Acle;) = Zvel(e]@élg €i), €j)€;) Zej ale;, e;),€))e;
j=1 j=1
n n
:Zeg( <ve]e’u§ :ZGJ velvejemg)
j=1 j=1

By the curvature formula (1) we have (V, Vejey, &) = (Ve,Veier, €) and thus

VeiAﬁ(ei) = €j <vejveiei7€>€j

M-

<
Il
—_

Ej<vejveieia£>€j + Z 6j<v€ja(ei) ei)a£>€j

j=1

|

<
Il
—

ejlales, Veei) )es + Y (Vi ale, ), Ee;

Jj=1

|

<
Il
—

q(Vj‘ja(ei,ei),f)ej.

I

1

J

Finally, since M has constant mean curvature, we have

ZezvezAﬁ €;) = Zn:e] VJ‘ Zel ale;,e;),

i=1 7j=1 i=1

= Zlejwjo, )e; =0,
]:

3

and the result follows. 0O

As a first application of Theorem 4.1 we have the following result:
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Corollary 4.2. Let M be a semi-Riemannian hypersurface immersed in a semi-Euclidean space making a
constant angle with respect to a parallel vector field Z. Then Ric(Z',ZT) = 0 and the integral curves of
ZT are straight line segments in the ambient, i.e. M is ruled. Moreover, if Z is not tangent to M then M
has constant mean curvature in the direction Z" if and only if {a,a) = 0.

Proof. Since Z is parallel and M has constant angle, we have that ¢ = 0 and (Z,¢) is constant. We have
Ric(Z7,Z7) = 0 as a consequence of Corollary 3.7. Further, Remark 3.6 implies that a(Z7,Z7) = 0.
Moreover, Lemma 2.10 coupled with Proposition 2.6 implies that V,+Z " = 0, which in turns yields by
Gauss formula

Dy Z" =V Z" +a(Z7,Z7) =0,

so the integral curves of ZT are straight lines. Now suppose that Z is not tangent to M, or equivalently
that (Z,¢) # 0. Notice that by Proposition 3.9 we have that A(ZT,ZT) = 0. Hence Theorem 2.13 implies
the relation

0=2". (H,Z) + 65|ZJ‘|2<a,a>
= (2,627 - (H,&) + e¢| 2+ (e, ).

Thus
AR <H,£> = —<Z,§><O¢,Oz>
and the proof is complete. 0O

Remark 4.3. As opposed to the Riemannian scenario, a hypersurface in a semi-Euclidean space with (o, a) =
0 is not necessarily totally geodesic. This feature has its roots in the fact that a self-adjoint operator respect
to a non-positive definite product might not be diagonalizable. However, when the shape operator of M
is diagonalizable (for instance, when M is spacelike) then the condition (a, @) = 0 guarantees that M is
totally geodesic.

The next Corollary generalizes known facts in the Riemannian case but with weaker hypothesis.

Corollary 4.4. Let M be a semi-Riemannian hypersurface immersed in a semi-Fuclidean space making a
constant angle with respect to a parallel vector field Z. Let us assume that Z is not tangent to M. If M has
constant mean curvature in the direction ZT then any of the two following conditions imply that M is an
open part of a hyperplane:

1. Either M is spacelike or A¢ is diagonalizable.
2. The semi-Fuclidean ambient is the Minkowski space, M is timelike and ZT is timelike.

Proof. By Corollary 4.2, (o, &) = 0. In virtue of Remark 4.3, we deduce that M is totally geodesic in case
(1). On the other hand, if (2) holds, then since M and Z T are timelike, then the slices M NI of M with hy-
perplanes II orthogonal to Z are spacelike. Then the shape operator A¢ of M is diagonalizable because Z Tis
a principal direction with zero principal curvature. The shape operator admits an orthogonal decomposition
in the direction Z " and the directions tangent to M NI and the result follows from case (1). O

Lemma 4.5. Let M C M:H(c) be a constant angle hypersurface with respect to a closed and conformal

vector field Z. If M has CMC then
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27 (H,Z) = ecerez N o(H,6)(Z,€).
Proof. First notice that (H,Z) = (H, Z+) = ¢;(H, £)(Z,£). By hypothesis, (H, &) is constant. Thus

ZT (H,Z) = ec(H, &) ZT - (Z,&)
= e (H,E)p(Z 7, ) + e (H,E)(Z,V 47€)
= —ec(H,E)(Z, Ac(Z7))

and the result follows from Lemmas 3.5 and 3.3. O
4.2. Two special cases: Z orthogonal or tangent to M

We now proceed to briefly discuss the special cases that were not taken into account in the derivation of
Lemma 3.3. In this subsection we will assume that Z is either tangent or orthogonal to M.
The orthogonal case follows immediately from Lemma 2.11.

Corollary 4.6. Let M be a CMC hypersurface isometrically immersed in MZH(C). If Z is a closed and
conformal vector field orthogonal to M, then M 1is totally umbilical.

We now analyze in detail the tangent case.

Corollary 4.7. Let M be a CMC hypersurface isometrically immersed in MZ+I(C). If Z is tangent to M
then it has constant zero Gauss—Kronecker curvature and either M has zero mean curvature or ¢ =0, i.e.

~n+1

M, ' (e) is a semi-Euclidean space R¥1. Moreover, the Ricci curvature of M in the direction Z' is given

by
Ric(ZT,Z"Yy=(m—-1)(Z",Z e (12)
In particular, if dim M = 2 then either M is totally geodesic or ¢ = 0.

Proof. Since Z is tangent to M (i.e. Z = Z"), we deduce that (Z,£) = 0 and in particular M has constant
angle. By Proposition 3.5, we conclude that M satisfies A¢(Z T) =0, i.e. zero is a principal curvature of M.
This proves that M has zero Gauss—Kronecker curvature. Moreover, by Theorem 4.1, o(H, &) = 0 along M.
Let us observe that by hypothesis (H, &) is constant, then either (H,&) = 0 or (H,&) # 0. In the former
case we obtain H = 0, i.e. M has zero mean curvature. In the latter, we deduce that ¢ = 0 along M and
this implies by Lemma 2.9 that ¢ = 0. Further, by Corollary 3.7, the hypothesis (Z,£) = 0 implies that

Ric(Z",Z")=er|ZTP(n—1)c=(n—1)(Z",Z")e.

Finally, let us consider dim M = 2 and ¢ # 0. Let {T, W} be a local orthonormal frame in M that extends
T = Z/|Z|. Thus

era(T,T) + ewa(W,W) =H = 0.

Let us recall that, by Proposition 3.5, we have the condition a(T, X) = 0 for every X € I'(TM). Thus,
a(T,T) =0= «o(T,W) and therefore a(W, W) = 0, which shows that « =0. O

We now describe in detail the case ¢ = 0 when Z is either orthogonal or tangent to M. The following
Lemma — whose proof is a straightforward adaptation of the one given in Y. Xin (see p. 64 in [27]) for the
Riemannian case — will be key for our analysis.
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Let ¥ be a hypersurface in the hyperquadric either Q = S**'(1) or Q = H"T} (1) of R?*2. If ¢ > 0, we
define the hypercone CY, by

CY.={\x e R |z € B\ € (¢, +0)}.

Lemma 4.8. Let X be a hypersurface in a hyperquadric Q of R2T2. If the hypercone CY. over ¥ has CMC
in R™T2 then X has zero mean curvature in the hyperquadric Q and therefore CY. has zero mean curvature
in the semi-FEuclidean ambient.

Let us recall that, by Corollary 2.6, a non-zero closed and conformal vector field Z in a semi-FEuclidean
space R7"2 is either constant Z(z) = U for some U € R""2 or radial, i.e. Z(x) = U +ax for some a # 0 € R
and U € R?2,

Corollary 4.9. Let M C R™*2 be a constant angle hypersurface with respect to a closed and conformal vector
field Z € T(R?*2). If M has CMC then M is an open part of either a hyperquadric, a hyperplane, a cylinder
over a CMC hypersurface in the hyperplane orthogonal to Z or a hypercone with zero mean curvature over
a hypersurface with zero mean curvature in a hyperquadric Q.

Proof. We assume that Z is either orthogonal or tangent to M. In the former case M is totally umbilical
by Corollary 4.6. Recall that in virtue of Corollary 2.6 the vector field Z is of the form Z(z) =U 4 pz. It
is well known that the hyperquadrics and the hyperplanes are the only totally umbilical hypersurfaces in
R”?*2 that are orthogonal to such vector fields Z.

Moreover, the hyperquadrics are orthogonal to radial vector fields which are closed and conformal, whereas
every hyperplane is orthogonal to a parallel vector field [3]. (Notice that totally umbilical submanifolds of
the form (4) in Proposition 3.6 in [3] are not orthogonal to a parallel vector field.) In the later case, namely,
when Z is tangent to M, we have two possibilities, depending whether Z is parallel or radial.

1. When Z is parallel, M is a cylinder over a CMC hypersurface N C o, where ¢ is some translation of the
hyperplane o := (span Z)*. This cylinder M is isometric to N x R where R has either a Riemannian
or Lorentzian metric depending whether Z is spacelike or timelike, respectively. Since M is a product,
Z is a principal direction of M with associated principal curvature equal to zero. This implies that NV
has constant mean curvature in o.

2. When Z is radial, i.e. Z(z) = U + ax for some a # 0 € R and U € R?*2. Since Z is tangent, M is
an open part of a hypercone C' := a - C.X + U where ¥ is a hypersurface in a hyperquadric either
Q =S"t1(1) or Q = H™"(1) of R?*2. Then by Lemma 4.8, we conclude that our hypercone C has zero

mean curvature in R?*2 and X has zero mean curvature in the hyperquadric Q. O
5. CMC constant angle surfaces

In this section we study the case of CMC semi-Riemannian surfaces M isometrically immersed in Mf (c)
making constant angle with respect to a closed and conformal vector field Z. We will focus on the Simons’
type formula (10) derived in Theorem 4.1 and show that under our hypothesis it gives rise to a polynomial
expression in the variable y = (Z,&). We begin by finding adequate expressions for (o, ) and A(Z, &) in
Lemmas 5.1 and 5.3.

Lemma 5.1.

2ecezp? (H, &)

_ 2egpty?
(@, 0) Z.0

A + e (H,8)* +
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Proof. Let W € T(TM) with (W, W) = ey and (W, T) = 0, where T = Z ' /|ZT|. Then
6WOC(VVv W) + GTCV(T, T) =H= €§<H7 f)é-v
and by Remark 3.6

a(W,W) = ew (ec(H, )¢ — era(T,T))

ecezp(Z, §>> ¢

= €w <€§<H,§>+ |Z|2

Therefore,
(a,0) = Y ciej(aler e), aleises)
,J

= <OZ(T, T)7 Ot(T, T)> + <a(W7 W)a O‘(VVa W)>

2 Z7 2 Z, 2
= |<Z|4£> “ (65<H’ o QGZI% O) N

B ©*(Z,&)* ©(H,§)(Z,&)  ©*Z,¢)?
_65<7|Z|4 + (H, €)% + 2¢4 7P + 24)
_ 2e9*(Z,6)? 2ecezp(H, €)(Z,E)
R 1Z]2
(Z,€)

+ee(H, )2 +

_ 265:”’4()02
(Z,6)*

+ e (H, &) + O

Proposition 5.2. Let us assume that ¢ =0, i.e. Mi(c) is the semi-Buclidean space R3. If Z is parallel and it
is meither orthogonal nor tangent to M, then M is a portion of a plane.

Proof. Let us observe that in virtue of Corollary 2.6 we have ¢ = 0. We know by Corollary 4.2 that
(o, @) = 0. Therefore, by Lemma 5.1 we have e¢(H, £)? = 0 and thus H = 0. Consider now and orthonormal
frame {T, W} in M like in Corollary 4.7. Hence

0=H =ewa(W, W)+ era(T,T).

And we know by Proposition 3.5 that «(T,T) = a(T,W) =0, so a = 0. Thus M is totally geodesic, hence
a plane in R. O

Now, we are going to obtain the Laplacian of (Z, ¢).

Lemma 5.3.
(ez + ecp® ) ®

A<Za§> = _C<Z7 E> + C€ZG§:U/2<Za§> + 6Z6§IU/2()0<H7€> + <Z €>

Proof. Due to the fact that
2

(Vo,Z) =(=cZ",2) = —c(Z",27) = —CGT%<Z, €)%

we obtain
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T T
A(Z,6) = <|ZZ’|§> (Ez(Wso, Z) + o(H, Z) + 2¢%) — %)
% A2
= (Z £> (—CEZETE<Z, €>2 + €ZG§<P<H, §><Z, §> 4 262902 _ GT)\2<P2>

(2e7 — ep\?)pPp?

(Z,¢)

(2e7 + eep® — ez) 1Py
(z,¢)

(ez + ecp®) P o?
(Z,¢) '

= *CGZGT)\2<Za g) + €Z€§M2@<H5 €> =+

2

= —c(1 — ezeepi®)(Z,€) + ezeci®p(H, €) +
= —c(Z,€) + cegeepi®(Z,€) + ezecp®o(H, €) +
Lemma 5.4. The function y = (Z, ) satisfies the relation
(eca® — cez(ez — eep®)) y* + ezabpy + bu*p® =0, (13)
where a = (H, &) and b= ez + 3ecu®.

Proof. By the Simons’ type formula (10), it follows that

(€2 + ecp®) P ?

(Z,¢)
265,u4<p2

" (Z,6) +ec(H,6)%(Z,6) + 2ecezp®(H,€)p + ¢(H, §).

0= —c(l —ezecpi®)(Z,&) + egecp*o(H, &) +

Therefore

0= (ec(H,&)* — c(1 — ezecp®)) (Z,8) + (3ezecy® + 1)p(H, &)

(ez + 3eep®)p*p”
(Z,¢) ’

which implies that

0= (ec(H,&)* — cez(ez — ecp?)) (Z,€)?
+ez(3eep”® + €2)(H,£)0(Z,€) + (ez + 3eep®) pi*p”.

Now, by letting a = (H,£), b=¢€z + 365/12 and y = (Z, &), we arrive at the desired expression. 0O

Theorem 5.5. Let M be a semi-Riemannian CMC hypersurface in Mi(c) making a constant angle with a
closed and conformal vector field Z. If Z is neither tangent nor orthogonal to M then the functiony = (Z,§)
satisfies a polynomial equation of degree at most 4.

Proof. We analyze the case ¢ = 0 first. In this case, Equation (13) in Lemma 5.4 gives at once
eca’y? + egabpy + b’ p? = 0. (14)

Notice that since M has constant angle, Lemma 3.3 guarantees that both p? and b are constant. Moreover,
since M is CMC then a is constant as well. Finally, since ¢ = 0 then ¢ is constant by Corollary 2.6. Thus
Equation (14) is indeed a polynomial in y of degree at most 2.
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Now we deal with the case ¢ # 0. Let us consider the equivalent form of Equation (13)
(eca® — cez(ez — i) y* + bu’p® = —ezabyy,
and square both sides to obtain
a’b p?y? = (65a2 —cez(ez — 65u2))2 yt
+2 (65(12 —cez(ez — 65,u2)) bul?y? + b2 ptot.
Thus we have
82yt + (20bp® — a?b?)p?*y? + b2t et =0, (15)
where
0= e§a2 —cez(ez — eglf)

is a constant. Now, using Corollary 2.6 we can express 2 in terms of y = (Z, £) as follows: First note that
d=(U,U)=(Z,7Z) + p?/2 is constant since U = Z — @z is parallel. Thus

% =c(d— ;—§<2,£>2> =c< - ;—§y2>

and

Then from Equation (15) we obtain

2d 4
52yt + (251)“2 _ a2b2)c (d _ E_Z2y2> y? + b2 ptc? <d2 _ ZZyQ + y_4> -0
M K Iz
which simplifies to
Byt +yy® + bt Pd? =0, (16)

where

€
B =62 — c(20bp® — (12172);TZ2 + b?c?,
and
v = cd(20bp® — a®b?) — 2e zdb? 1i* >

are constant. Thus (16) is a polynomial of degree at most 4 and the proof is complete. O

Now we are ready to extract some conclusions from Theorem 5.5. As we have done before, we deal with
the ¢ = 0 case first.

Corollary 5.6. Let M be a CMC semi-Riemannian surface isometrically immersed in RS and making a
constant angle with respect to a closed and conformal vector field Z. Then either
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1. M is an open portion of a plane.

2. M s an open portion of a quadric.

3. M is an open portion of a cylinder in direction Z over a curve with constant curvature in a plane
orthogonal to Z.

This means that M is isoparametric.

Proof. If Z is orthogonal to M then Corollary 4.6 establishes that M is totally umbilical, hence, it is an
open portion of a quadric when Z is radial, or a plane when Z is parallel. Further, if Z is tangent to M
then by Corollary 4.9, we have two possibilities:

1. If Z is parallel, then M is a cylinder over a CMC curve in a plane orthogonal to Z. The generator of
the cylinder is parallel to Z and the curve has constant curvature in the plane — so the curve is a circle,
a hyperbola or a line.

2. If Z is radial then M is a cone over a minimal curve in a quadric. This means that the curve is a
geodesic. So, M is a radial cone over a geodesic in a quadric and therefore M is a plane. Let us recall
that the geodesics in a quadric are the intersection of a quadric with a plane across the center of the
quadric.

Now, let us assume that Z is neither orthogonal nor tangent to M, then Equation (14) holds. If polynomial
(14) does not vanish identically, it follows that y = (Z,£) is a constant, being the root of a polynomial.
Since M has constant angle, we have by definition that (Z/|Z|,¢) is constant and therefore |Z| is a constant
as well. By Lemma 3.4, we have that ¢ = 0 since Z is not orthogonal to M by hypothesis. Thus we have
that Z is parallel and Proposition 5.2 asserts that M is an open portion of a plane.

The only case remaining occurs when polynomial (14) vanishes identically. By looking at the coefficients
we immediately see that this happens if and only if a = (H,£) = 0 and either b = ez + 3€§N2 =0or ¢=0.
The latter case has been analyzed already, whereas the former case yields H = 0 and p? = —ezee /3. This
implies that ez = —e¢ and thus the ambient space can not be Euclidean, so it should be the Minkowski
space R} or else R3. In either case, relation (8) in Lemma 3.3 guarantees that ez = ez. Therefore we
have two cases: either M is timelike and then e = 1, ez = —1 = €z; or else M is spacelike and then
€¢ = —1, ep = 1 = €z. In the Minkowski case both options imply that M is a portion of a plane (refer to
Remark 3.6 in p. 1107 of [15] for the timelike case and Remark 3.6 in p. 218 of [14] for the spacelike case).
For the R3 case we can reverse causality in order to obtain the same results. O

For the case ¢ # 0 we have a similar result.

Corollary 5.7. Let ¢ # 0 and M be a CMC semi-Riemannian surface isometrically immersed in Mz’(c) and
making a constant angle with respect to a closed and conformal vector field Z. Then either

1. M is totally umbilic.
2. M is totally geodesic.
3. M satisfies the following conditions

1 4 4
cee >0, ez =er=—¢, p’= 3 A= 3 and (H,£)? = 3Cee-

Proof. As before, let us assume first that Z is neither orthogonal nor tangent to M. Thus, if (16) does not
vanish identically, then y = (Z,&) is a constant, being one of its roots. As a consequence, |Z| is constant
in M. Then Lemma 2.7 will give rise to a contradiction: if ¢ = 0 then ¢ = 0 by Lemma 2.5; otherwise,
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Z is orthogonal to M, contradicting our assumption. Alternatively, if Z is orthogonal to M we have that
M is totally umbilical by Corollary 4.6, whereas, if Z is tangent to M we assert M is totally geodesic by
Corollary 4.7. Finally, let us observe that the polynomial (16) vanishes precisely when 6 = 0 and b = 0
(notice that the constants ¢ and d do not vanish and we can assume p # 0 as well). These latter conditions
are equivalent to

4
u? = —% and (H,¢)? = 3¢€e

and hence we must have the inequality ces > 0. The result follows from the relation (8) in Lemma 3.3. O

Remark 5.8. The above Corollary 5.7 proves that if the mean curvature of the surface is not +2/v/3 they
are either totally umbilic or totally geodesic. In particular, when the surface has zero mean curvature it is
totally geodesic.

The following result is an immediate consequence of Corollary 5.7:

Corollary 5.9. Let M be a CMC semi-Riemannian surface isometrically immersed in a three dimensional
space form of non-vanishing curvature and making a constant angle with respect to a closed and conformal
vector field Z. Then M is totally umbilical or totally geodesic provided any of the following conditions hold:

1. M C S3(r) is spacelike.
2. M C H3(r) is timelike.
3. Z and & have the same causality.

Proof. If M satisfies (1) or (2) then we have ces < 0, whereas if M satisfies (3) then ez = € holds. O
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