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Abstract

We study the dynamics of a SIR epidemic model with nonlinear incidence rate, vertical transmission vaccination for the
newborns and the capacity of treatment, that takes into account the limitedness of the medical resources and the efficiency of
the supply of available medical resources. Under some conditions we prove the existence of backward bifurcation, the stability and
the direction of Hopf bifurcation. We also explore how the mechanism of backward bifurcation affects the control of the infectious
disease. Numerical simulations are presented to illustrate the theoretical findings.
© 2015 Published by Elsevier B.V. on behalf of International Association for Mathematics and Computers in Simulation (IMACS).
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1. Introduction

Mathematical models that describe the dynamics of infectious diseases in communities, regions and countries can
contribute to have better approaches in the disease control in epidemiology. Researchers always look for thresholds,
equilibria, periodic solutions, persistence and eradication of the disease. For classical disease transmission models, it
is common to have one endemic equilibrium and that the basic reproduction number tells us that a disease is persistent
if it is greater than 1, and dies out if it is less than 1. This kind of behavior associates to forward bifurcation. However,
there are epidemic models with multiple endemic equilibria [7,4,11,2], within these models it can happen that a stable
endemic equilibrium coexists with a disease free equilibrium, this phenomenon is called backward bifurcation [6].

In order to prevent and control the spread of infectious diseases like, measles, tuberculosis and influenza, treatment
is an important and effective method. In classical epidemic models, the treatment rate of the infectious is assumed to
be proportional to the number of the infective individuals [1]. Therefore we need to investigate how the application of
treatment affects the dynamical behavior of these diseases. In that direction in [13], Wang and Ruan, considered the
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removal rate

k, ifl>0
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In the following model

ds

&2 A—ds—asl,

dt

dl
E=7»SI—(d+J/)I—T(1),
aR 1T —dR

ar 7 ’

where S, I, and R denote the numbers of the susceptible, infective and recovered individuals at time 7, respectively.
The authors studied the stability of equilibria and prove the model exhibits Bogdanov—Takens bifurcation, Hopf
bifurcation and Homoclinic bifurcation. In [14], the authors introduced a saturated treatment,

Related works are [15,16,12].
Hu, Ma and Ruan [8] studied the model

ds BSI

22— bm(S+R) — —bS+ psI

g ~mS TR = tp

dI  BSI

i §—8—y)I —T( 1
o 1+a14—@ V) ) (D
dR

E;:yl—bR+bm%S+R)+Tuy

The basic assumptions for the model (1) are, the total population size at time ¢ is denoted by N = S + I + R.
The newborns of S and R are susceptible individuals, and the newborns of / who are not vertically infected are also
susceptible individuals, b denotes the death rate and birth rate of susceptible and recovered individuals, § denotes the
death rate and birth rate of infective individuals, y is the natural recovery rate of infective individuals. ¢ (¢ < 1) is
the vertical transmission rate, and we set p = 1 — ¢, then 0 < p < 1. Fraction m’ of all newborns with mothers in
the susceptible and recovered classes are vaccinated and appears in the recovered class, while the remaining fraction,
m = 1 — m’, appears in the susceptible class, the incidence rate is described by a nonlinear function 8S1/(1 + aI),
where B is a positive constant describing the infection rate and « is a nonnegative constant. The treatment rate of the
disease is

kI, ifo<1<1Ip

nnz{u:km if I > I,

where Iy is the infective level at which the healthcare systems reach capacity.

In this work we will extend model (1) introducing the treatment rate 5 ffxlz 7, where a;, B2 > 0, obtaining the following
model

ds BSI

= —bm(S+R) — — bS + psl

dt m(S + R) 14+ al tr

dI BSI Bl

== §—8—y)I — 2
ar 1tal T4 S )
dR B2l

— =yl —bR+bm'(S+R .

dt Y +bm (5 + )+1+a21

Because ‘il—];/ = 0, the total number of population N is constant. For convenience, itis assumed that N = S+7+4+R = 1.

By using S+ R = 1 —1, the first two equations of (2) do not contain the variable R. Therefore, system (2) is equivalent
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to the following 2-dimensional system:

ds ST

— = p —bS+bm(l —1)+ psl

dt 1+ al 3)
dl BSI Bl

i —psl —yI — .

dt 14+al 1+ ol

The parameters in the model are described below:

e S, I, R are the normalized susceptible, infected, and recovered population, respectively, therefore it follows that
S, I,R <1.

e b is a positive number representing the birth and death rates of susceptible and recovered population.

e § is a positive number representing the birth and death rates of infected population.

e y is a positive number giving the natural recovery rate of infected population.

e g is positive (g < 1) representing the vertical transmission rate (disease transmission from mother to son before
or during birth). It is assumed that descendants of the susceptible and recovered classes belong to the susceptible
class, in the same way the fraction of the newborns of the infected class not affected by vertical transmission.

e p=1—gqtherefore 0 < p < 1.

e m’ is positive and it is the fraction of vaccinated newborns from susceptible and recovered mothers and therefore
belong to the recovered class. m = 1 — m’ > 0 is the rest of newborns, which belong to the susceptible class.

e [ is positive, representing the infection rate, « is a positive saturation constant (in the model the incidence rate is

given by the nonlinear function l’iill ).
B2l

TregT 1S the treatment function, where o7, 82 > 0.

We note that if oy = O the treatment becomes bilinear, case considered in [8], whereas if 8, = 0 treatment is null,
not being of interest here. Therefore we will assume S5, ar > 0.

The paper is distributed as follows: in Section 2 we compute the equilibria points and determine the conditions of
its existence (as real values) and positivity, in Section 3 we analyze the stability of the disease free equilibrium and
endemic equilibria points in terms of value of /R and the parameters of treatment function. Section 4 is dedicated to
study Hopf bifurcation of the endemic equilibria points and Section 5 shows discussion of all our results and we give
some control measures that could be effective to eradicate the disease in each case.

Following [8] we define

Bm

Rop=——. 4)
B2+ pS+y
When g, = 0, Rg reduces to
Bm
0= ; (5)
pS+y

which is the basic reproduction number of model (3) without treatment.

Lemma 1. Given the initial conditions S(0) = So > 0,1(0) = Iy > 0, then the solution of (3) satisfies S(t),
I(t) >0Vt >0and St) +1(t) < 1.

Proof. Take the solution S(¢), I () satisfying the initial conditions S(0) = So > 0, I(0) = Iy > 0. Assume that the
solution is not always positive, i.e., there exists a 7y such that S(r9) < 0 or I(f9) < 0. By Bolzano’s theorem there
exists at; € (0, o] such that S(¢;) = 0 or I(¢;) = 0, which can be written as S(#1)/ (t;) = 0 for some 71 € (0, 7p]. Let

r = min{s; | S(5)1(5;) = 0}. (6)
Assume first that S(z;) = 0, then % > 0 implies that S is increasing at # = t,. Hence S(¢) is negative for values
of t < tp near 1, a contradiction. Therefore S(r) > 0 V¢ > 0 and we must have I () = 0, so % = 0. Note that
if for some t > 0 I(t) = 0, then % = 0. Then any solution with 7(0) = Iy = 0 will satisfy 7(z) = 0 V¢ > 0.

By uniqueness of solutions we have that if 1(0) = Iy > 0, then 7(¢) will remain positive for all # > 0. Therefore
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I(t;) = 0 leads to a contradiction. Hence both § and / are nonnegative for all # > 0. Finally, adding both derivatives
of S(¢) and I (¢) we get:

d(S+1) Bl
2D bS 4 bm—bml —yI — . 7
dr om = bml =y T 7

Since S, > 0,if S+71 =1then0 < S < 1,0 <1 < 1. Analyzing the expression —bS + bm — bm I, we have that
—bS+bm—bml =bm —ml —8)=bm—mI—-14+1)=bm—14+1(1 —m)).

Note that by the definition of the model parameters, 1 —m = m’ > 0. Knowing that I < 1, then
Il-m<l-m=I01-m+m-—1=<0. 8)

Therefore —bS + bm — bm1 < 0. Hence % < 0and S + [ is non increasing along the line S 4+ / = 1, implying
that S+ I < 1. Note also that § +  cannot be greater than 1, otherwise from R = 1 — (S + 1), R would be negative,
anonsense. [J

2. Existence and positivity of equilibria

Assume that system (3) has a constant solution (Sp, o), it is easy to see that E = (m, 0) is the disease free
equilibrium.

Theorem 1. System (3) has a positive disease-free equilibrium E = (m, 0).

In order to obtain positive solutions (Sg, Ip) of system (3), when Iy # O then:

BSo B2
—ps—y — -
1+ aly 1+ a2l
1+al < B2 )

So = S+y+——-0r). 9

0 3 POy T ©)

We obtain the following quadratic equation:
AI}+Blh+C=0 (10)
or

13+ (B/A)Ip+ C/A =0, (11)

where the coefficients are given by:
A=y +bm)+ab(pé+y)) >0,
B = B(y + f2+bm(l — a2)) + ba(ps +y + B2) + baa(ps + y),
= B(y + B2 + bm — bma) + ba(1 — Ro)(pd + vy + B2) + Bmba + baz(pd + y),
C=b(ps+y+pr—Bm)=b(pd+y+ p2)(l —Ro). (12)

Its roots are:

I —B — /B2 —4AC
= 24
—B++BZ—4AC
L = . (13)
2A
Using these values in (9) we obtain,
1 +al B2 )
S = S+y+——
! B <p Y 14+ a2l
1+al < B2 )
Sy = S+y+—). 14
2 5 ps+vy A (14)

Then our candidates for endemic equilibria are E1 = (S1, I1), E2 = (S2, o).
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Fig. 1. Location of the sets Aj, Ay, A3 in the plane ap — B, fory =0.01,8=0.2,6=0.2,m =0.3, p =0.02,5 = 0.1.

Note that C = 0 if and only if Rg = 1, C > O if and only if Ry < 1, and C < 0 if and only if Ry > 1.
For R > 1 we define the following sets:

Al ={(2,2) : B2 > 0,0 <z < al},

Ay = (B2, 2) : B2 > g(a2), a2 > o) > 0},

A3 ={(Br, ) : 0 < Bp < g(a2), a2 > &) > 0} (15)
where

o —Blmba +y +bm)

TRy ) o
1
glar) = —E(baz(zﬁ +vy — Bm) + B(y + bm + mba)). 17
Define:

Pr=1+ m[ﬂ(y + B2 + bm — bmay) + Bmba + bax(ps + y)]
R =1- !

0 ba*(ps + v + po)

X [\/—,Ba(bmot 4+ B2+ y + bm — arbm) 4+ Boa(y + bm) — \/az(,By + Bbm + abpd +ozby)]2 . (18)

Fig. 1 shows the location of these sets.

Theorem 2. If Rg > 1 the system (3) has a unique (positive) endemic equilibrium E;.

Proof. If Ry > 1 then C < 0, then using Routh—-Hurwitz criterion for n = 2, the quadratic equation has two
real roots with different sign, /1 and I», where /1 < I>. Hence there exists a unique positive endemic equilibrium
Ey=(8,h). O

Theorem 3. Let 0 < R < 1. For system (3), if Ry < 1 then there are no positive endemic equilibria. Otherwise, if
R{ > 1 the following propositions hold:

1. If Ro = 1 and (B2, an) € Az the system (3) has a unique positive endemic equilibrium Ey = (S2, I3), where
1+aby

B2 )
I, =—B/A, S = S+y+———).
2 / 2 Fi (p 14 YA
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2. If max{Py, R(')"} < Ro < 1 and (B2, a2) € A3, the system (3) has a pair of positive endemic equilibria E1, E».
3.If 1 > Ry = Rg' > Pj and (B2, a2) € A3, the system (3) has a unique positive endemic equilibrium E| = E;.
4. If 1 > Ro = P1 and (B2, a2) € A3z, the system (3) has no positive endemic equilibria.

5.If 0 < Ry < land (B2, a2) € A1 U Ay, the system (3) has no positive endemic equilibria.

6. If (B2, ) € A3and 0 < Rg < max(RT, P1) < 1, then there are no positive endemic equilibria.

Proof. If 0 < Ry < 1, then C > 0, so the roots of the equation Al 2 4+ BI + C = 0 are not real with different sign,
but real with equal signs, complex conjugate or some of them are zero. If endemic equilibria exist and are positive, it
is necessary that B < 0. After some calculations we can see that:

By + B2 + bm — bmaz) + Bmba + baz(ps + y)
+ =
ba(ps + vy + B2)

From the assumption that Ry < 1 then P; < 1, hence the expression B(y + f2 +bm —bmoay) + fmbo +basy(pS+y)
must be negative, this happens if and only if

B<0&Ry>1

P. (19)

1
P < =5 (bax(pd +y = pm) + B(y + bm + mba)) = g(a2). (20)

If R < 1then —%(baz(pts +y —Bm)+ B(y +bm +mba)) < 0 and it is not possible to find a value of 8, fulfilling
the previous inequality, therefore there are no positive endemic equilibria.
Now, if Rfj > 1 we have that:

1. If Rop = 1 then C = 0, Eq. (10) is transformed into
Al} + Bl =0, 2D

with A > 0. Its roots are /1 = 0 and I, = —B/A, and there exists a unique endemic equilibrium that is positive if
and only if B < 0, that is given by Ey = (S2, I»), where

L=—B/A

1—|—0£]2< B2 )
Sy = S+y+—). 22
2 g\ T I (22

Note that if > > ) and R} > 1 then g(a2) > 0.
Hence A3 is nonempty and its elements satisfy B < 0, therefore if (82, ap) € A3 there exists a unique positive
endemic equilibrium E.

2. If Rp < 1 then C > 0 and the roots of the quadratic equation for Iy must be real of equal sign or complex
conjugate. By the previous part we know that if (82, @2) € Az then P; < 1, moreover if Ry > Pj then B < 0
and therefore both roots must have positive real part. Finally, to assure that equilibria are both real, we demand that
A > 0. Computing A:

A= B?—4AC
= AR} + ByRo + Ca = A(Ry), (23)
where:
Ay =D (ps+y + B2)’ (24)

By==2[B(+B+bm(—a)+ab(ps+y+ B+ Bmba

+ bas (p8 + )b (ps+y + B2) + 4oz (B (v +bm)ab(ps +y))

X b(ps+vy+pB2) (25)
Co=(B (y+Ba+bm(1 —a)) +ab(ps+y + f2) + B mba +baz (ps +y))*

—dar By +bm)+ab(pd+y)Nb(ps+y+p). (26)
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The previous expression is a quadratic function of Rg. To establish the region where A > 0, it is necessary to know
how the roots of A(Rg) behave. The discriminant of the quadratic function A(Ry) is

Ay = —16a2b*B (pS+ 7y + B2)> (By + Bbm + abps + a by)

X (a(abm + By + y + bm) — ar(y + bm + abm)) . 27
If we assume that A, < 0, then oy < % and in this case we have that:
2 b b b b
y + B2 + bm — bmay + bma > paabm + (y + bm)(y + B + bm + ma)>0 (28)

y + bm + abm

So we get that Py > 1 > Ry, which is a contradiction with the assumption in this part, therefore A, > 0 and in
consequence A(RRp) has two real roots,

R-o B2 VA
U 24,
T ba2(ps+y + Bo)
+ Vo (B(y + bm) + ab(ps + y)I%
—By + /A,
245

[V —B(a(bma + B + y + bm — bmaz) — aax(y + bm))

+ _
Ry =

1
QTS
— Vo (B(y +bm) + ab(ps + y)1%. (29)
Note that due to the positivity of A, and (27), we have that
—Bla(bma + fr +y + bm — bmaz) — az(y + bm))

[V —B(a(bma + B2 + y + bm — bmay) — ax(y + bm))

is positive, allowing its roots to be well defined. Analyzing the derivative of A(Rp) we have that
A(RS)=yA>0 and A(Ry)=—yA <0,

moreover R, < R(J)r making A positive for Ry > Rar or Rp < R, . Nevertheless

1
Ri=14+——"——— bm —b b — €,
0 +ba(p8+y+,82)('3(y+’32+ m may + bma)) — €

while

P = By + B2+ bm — bmay + bma)) + €3,

I+ ;
ba(pé +y + B2)

with €, 2 > 0, making R, < P < Rp. Therefore for Ry > max (P, Rg ), we have that there exist two positive

endemic equilibria E, E, proving this part.

CIf (B2, 0) € Az then P < 1. If 1 > Rg > Py, then we have that B < 0 and C > 0, therefore we have a

pair of roots of the quadratic for / with positive real part. In the previous part it was proven that for P; < 1 the

discriminant A, > 0 and both roots R, R, are real and less than one. If Ry = Rar then A = 0 and both roots are

fused in one I1 = —B/2A = I,. Therefore we have a unique positive endemic equilibrium E; = E».

CIf (B, ) € Az then Py < 1. If Rg = P; < 1 then C > 0, implying that the roots are complex conjugate or real

of the same sign. Being Ro = P; then B = 0, implying that both roots have real part equal to zero, therefore there

are no positive endemic equilibria.

.If0 < Rp <1and (B2, a2) € A1 U As then Py > 1, therefore Ry < P;, B > 0, and C > 0. Hence there are two

roots with real part zero or negative, which are not positive equilibria.

. If (B2, ¥2) € A3 we have that P; < 1 and the roots of the discriminant R(J)r , Ry are real, in addition that R, < Py

and RO+ < 1 by definition of this case. If 0 < Rg < maX{R+, P1} < 1,then C > 0 and the roots I», I3 are complex

conjugate or real with the same sign. If Rgp < P; then B > 0, and the roots have negative real part, so there are
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Fig. 2. Graph of R versus the values / of equilibria. Parameter values used are « = 0.4, 00 = 3.8, 8 =02, =0.2,y = 0.01,86 = 0.01, p =
0.02, m = 0.1. In this example S, varies from 0 to 0.025, therefore Ry varies between 0.5682 and 1.9682. g(«ap) = —0.0017 and oz(z) = 3.8776, so
(B, ap) € A| U Ay. Forward bifurcation can be observed in Ry = 1.

not positive endemic equilibria. If 0 < Ry < R(J)r and Rp > R, , then A < 0 and the roots are complex conjugate,
therefore there is not real endemic equilibria. If 0 < Ry < R(‘)|r and Rp < R, < Py, then it reduces to the first case
in which there are not positive endemic equilibria.

Theorem 3 gives us a complete scenario of the existence of endemic equilibria. When R} < 1 we have that Ry < 1,
it follows from the fact that Ry < R whenever B, > 0; then system (3) has only a disease free equilibrium and no
endemic equilibria.

Otherwise, when Rg > 1,if (B2, @2) € A1 U A then we have no endemic equilibria for 0 < Rg < 1 and a unique
endemic equilibrium E, when Ry > 1, so there exists a forward bifurcation in R = 1 from the disease free equilib-
rium to E» (see Fig. 2). If (B2, ) € A3 there exist two positive endemic equilibria whenever max{ Py, RaL }<Ro<1
(P; and Rar depend on $;,), we can observe the backward bifurcation of the equilibrium E to two endemic equilibria
(see Fig. 3).

As an immediate consequence of the previous theorem we have that if Rg > 1 there exists a unique positive
endemic equilibrium, while if Ry < 1 and the conditions of the second part are fulfilled, there exist two positive
endemic equilibria. Hence we have the following corollary: [

Corollary 1. If Ro = 1, Rj; > 1 and (B2, a2) € A3, system (3) has a backward bifurcation of the disease-free
equilibrium E.

Proof. First we note that if (82, ®2) € Ajz then R(J)r is real less than one and P; < 1, therefore we can find a
neighborhood of points in the interval (max{R*, P1}, 1). By case 2 of theorem, if R lies in this neighborhood there
exist two positive endemic equilibria Eq, E»; for Rg = 1 there exists a unique positive endemic equilibrium E5, while

the other endemic equilibrium becomes zero. Finally for B¢ > 1 there exists a unique positive endemic equilibrium
as the zero “endemic” equilibrium becomes negative. [

3. Characteristic equation and stability

The characteristic equation of the linearization of system (3) in the equilibrium (Sp, Ip) is given by:

det(DF — MI), (30)
where
o af
oS ol
DF = 31
o, afs G

as ol
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Fig. 3. Graph of R versus the values / of equilibria. In this example S varies from 0 to 0.025 therefore R varies between 0.5682 and
1.9682. Parameter values used are « = 0.4,ap = 16,8 = 0.2,b = 0.2,y = 0.01,6 = 0.01,p = 0.02,m = 0.1. g(ap) = 0.1188 and
ag = 3.8776, so (B2, @) € A3z. Backward bifurcation can be observed in Ry = 1 and the existence of two positive endemic equilibria whenever
max{Pp, R0+} <Rp <L

Matrix is evaluated in the equilibrium (Sg, Ip). Functions f1, f> are the following:
BSI

=— —bS+bm(l—1 81 32
S ol + bm( )+p (32)
BSI Bal
= —pdl —yl — . 33
12 7oz 7P i (33)
Computing the matrix D F we obtain:
—BI —-BS
1+ﬁ1_b ﬁ_bmﬂﬂs
o o
DF(S,I)= 34
5D BI ps 5 (34)

pd—vy

l+al  (+al)? (A +al)?

3.1. Stability of disease free equilibrium

For the disease free equilibrium E = (m, 0) the Jacobian matrix is:

—b —,Bm—bm—i—p(S)

DF(’"’(’):(o pm—ps—y — o

Theorem 4. If Ry < 1 then the equilibrium E = (m, 0) of model (3) is locally asymptotically stable, while if Ry > 1
then it is unstable.

Proof. The characteristic equation for the equilibrium E is given by

P()) = det(DF(m, 0) — Alax2)

_det<—b—k —Bm — bm + pé )
N 0 pm —pd—y —f2— 1

=(=b—M)(Bm—ps—y —B—1). (35)
Eq. (35) has two real roots A1 = —b and A, = fm — p§ — y — B». By Hartman—Grobman’s theorem, if the roots

of (35) have non-zero real part then the solutions of system (3) and its linearization are qualitatively equivalent. If
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Cursor position: (0.747, 0.377)
Fig. 4. Global stability of equilibrium E.

both roots have negative real part then the equilibrium E is locally asymptotically stable, whilst if any of the roots has
positive real part the equilibrium is unstable. Clearly A; < 0, but A» < 0 if and only if

pm — pé —y < B2,
ifandonlyif Rp < 1. O

According to the previous theorem and Theorem 3 we obtain the following result for the global stability of
equilibrium E.

Theorem 5. If 0 < Ry < 1 and one of the following conditions holds:

. Rg <1

o Ro = Py and (B2, @) € Asz.

o (B2, a2) € Ay U Ap.

o (fr,ap) € A3and 0 < Ry < max{Rg, P}

Then equilibrium E of system (3) is globally asymptotically stable.

Proof. If 0 < Rp < 1 then by Theorem 4 the equilibrium E is locally asymptotically stable. If any of the given
conditions holds then by Theorem 3 there are no endemic equilibria in the region D = {S(¢),I(t) > 0 Vt >
0, S(t) + I(t) < 1}, which it was proven to be positively invariant in Lemma 1. By [10, page 245] any solution
of (3) starting in D must approach either an equilibrium or a closed orbit in D. By [9, theorem 3.41] if the solution
path approaches a closed orbit, then this closed orbit must enclose an equilibrium. Nevertheless, the only equilibrium
existing in D is E and it is located in the boundary of D, therefore there is no closed orbit enclosing it, totally
contained in D. Hence any solution of system (3) with initial conditions in D must approach the point E as ¢ tends to
infinity. [

Example 1. Take the following values for the parameters: « = 04,0 = 10,8 = 02,6 = 0.2,y = 0.01,§ =
0.01, p = 0.02,m = 0.3, o = 0.1. Equilibrium E = (0.3,0), Ry = 0.5445 < 1. By Theorem 4, E is locally
asymptotically stable, oz(z) =742 < ar and g(ap) = —0.1864 < B,, therefore (B>, @) € Az. By Theorem 3 there are
no positive endemic equilibria. Finally by Theorem 5 we have that E is globally stable. See Fig. 4.

Theorem 6. If Ro = 1 and B> # g(wz) then equilibrium E is unstable. It is a transcritical bifurcation point.
Moreover, if (B2, a2) € A1 U Aj the region D = {S(¢), I(t) > 0Vt > 0, St) + 1(t) < 1}, previously defined in the
proof of Theorem 5, is contained in the stable manifold of E.
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Proof. If Ry = 1 one of the eigenvalues of the Jacobian matrix of the system is zero, hence we cannot apply
Hartman—Grobman’s theorem. In order to establish the stability of equilibrium E we apply central manifold theory.
Making the change of variables, S = S — m, I = I, we obtain the equivalent system

ds S I . . .
—=—M—bS—me+p8[

dt 1+al

di S i A i

ar _pS+ml i yio L (36)
dt 1+al 1+anl

Because /| = I we ignore the hat and use only /. This new system has an equilibrium in E = (0, 0) and its Jacobian
matrix in that point is

DF(m.0) = <—Ob —Bm —(l)ym + 178) ‘ 37)

Using change of variables S = u — w, I =vand Bm = pd + y + B> we obtain the equivalent system
(see Appendix A):

dv

20 ,

7 u+ f(v,u)

du

7= —bu+g(v, u), (38)

where f and g are defined in Appendix A.
By [3], system (3) has a center manifold of the form # = A (v) and the flow in the center manifold (and therefore
in the system) is given by the equation

V= f, ) ~ fv, ¢ ),

where h(v) = agv? + ajv? + O(v?*), and a;’s are given in Appendix A. Expanding the Taylor series of f we obtain
the flow equation
Y- _b3,3m +02B2m + by ar — b2B l;,i +b3apm+bpsay — b3 Bmas 2+ 0w
= Hv> + 0(v%). (39)

Therefore the dynamics of solutions near the equilibrium E = (0,0) is given by the quadratic term, whenever this
term is not zero. We note that H = 0 if and only if

—B(bm + Bm — ps§ + bam)
o) = .
b(ps +y — pm)

Substituting again Ry = 1, expressed as fm = pd + y + B2, we obtain H = 0 if and only if 8, = g(w2).
. If (B2, ap) € Asthen H > 0.v' > Oforv # 0. If (B2, az) € Aj U Ay then H < 0, v' < 0for v # 0. In both cases
E is unstable. Moreover, if (B2, a2) € A; U Ay then H < 0 and v/ < 0 for v > 0. Recalling v(z) = I(¢) we have
under this assumption that I’(t) < 0 for I > 0 therefore I(t) — 0T, while as v; = (1, 0) is the stable direction of the
point E then S(¢) — 0, therefore the solutions in the region D approach the equilibrium E as t — o0.

(40)

Remark. When Ry = 1 we have the attractor direction in the x axis, but in direction of y axis the equilibrium is
neither attractor or repulsor, so E is unstable but it is not a saddle point. In this case it is a transcritical bifurcation
point. [

Example 2. Take the following values for the parameters: § = 0.2, = 04,5 = 0.01,y = 0.0l, 00 = 10,m =
0.3, p =0.02,b = 0.2, B = 0.0498. In this case Rg = 1, 01(2) = 1.8876 and g(a2) = 0.4040, hence (B2, a2) € A3.
By the first case of Theorem 3 the system has a unique endemic equilibrium in S, = 0.11210, I, = 0.4781. By
Theorem 6 the equilibrium E is a transcritical bifurcation point, see Fig. 5.
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Fig. 5. Phase plane of the system for R = 1 with (8, ap) € As3.
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Example 3. If we take the same values as in the previous example except oy = 2, then g(ap) = 0.0056 < f,, hence
(B2, a2) € Aj. By Theorem 3 the system has no endemic equilibria, and by Theorem 6 the point E is a transcritical

bifurcation point. Moreover, the region D is totally contained in the stable manifold, see Fig. 6.

3.2. Stability of endemic equilibria

The general form of the Jacobian matrix is

I s
P, __BS i ps
DF — 1+l (14 al)?
- 2 _ PSP
1+ al A+an? ? 1+ al)?

Therefore the characteristic equation for an endemic equilibrium is

_(_ B O N(BS B
Pm_( Tral ” A)<(1+a1)2 Py = T ral)

BI BS
- <1+a1> (_(1+a1)2 _bm+p5>'

Denote:
1
C] = '3
14+l
BS
Cg = ——
ST U tal)?
D= —P2
(1 +arl)?

Then the characteristic polynomial is rewritten as
P(L) =22+ Wr+U
where:

W=Ci+b—-Cs+pS+y+ Dy
U=Ciy+CiD;—bCs+bpé+by +bDy+ Crbm.

)

(41)

(42)

(43)
(44)

(45)

(46)

(47)
(43)
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Fig. 6. Phase plane for Ry = 1 with (8, @p) € Aj.

By Routh—Hurwitz criteria for n = 2 if the coefficient W and the independent term U are positive then the roots
of the characteristic equation have negative real part and therefore the endemic equilibrium is locally asymptotically
stable. Note that whenever the equilibria are positive, C;, Cs, Dy will be positive as well. Let us analyze the stability
according to the value of Ry.

Theorem 7. Whenever the equilibrium E1 exists it is a saddle and therefore unstable.

Proof. Consider E1 = (81, I1) and its characteristic polynomial (46). By Routh—Hurwitz criterion for quadratic
polynomials, its roots have negative real part if and only if U > 0 and W > 0, where U, W depend on E;. Moreover,
when U < 0 its roots are both real with different sign and when U > 0 and W < 0 the roots have positive real part.
Computing the value of U and expressing S} in terms of /; we obtain

_ Li(a I? + b1 1) + 1) _ L F(I) (49)
(I+al)(I+a2l1)?  (L4+al)( +axl))?
where:
ay = a%(,By + bpad + bay + bmpB) = ar A > 0,
b1 =2a2(By + bpas + bay + bmpB) =2A > 0,
c1 = BB+ bmp + bpad + bapy + By —bazfo +bay = B —asC. (50)

We are assuming that equilibrium E exists and it is positive, and this happens (by previous section) when B < 0 and
C > 0,s0cy < 0. The sign of U is equal to sgn(F (11)). F(I1), has two roots of the form:

—b1 + ,/b% —4ajcy
(51

Ix =
2a
—by — /b —4ajc
I %= (52)
2a1

where b% — 4ajic; > 0 and therefore I* and I * * are both real values with I x % < 0. F(I;) > O for I} > I* and
I1 < I * %, but second condition never holds because /1 > 0,so0 F(I1) <0for0 < I} < Ix*.
Computing Ix in terms of A, B, C:
/ 1 n 1
* =——+ —
[0%) Ole

\/(A2 —ayAB + a3 AC). (53)
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Substituting A = B* — 4AC > 0

1 1 o?
Ix=——+— || A2 —xAB+ —=(B? - A)
oy A 4
1
=—— 2A —yB)? — a2 A
o) +20l2A\/( 2B) *2
1 1 JOA— By
——+ — (VA —wB)? - Ja2A
> a2+2a2A<( oy B) 0‘2)
—-B— /A
= —*/_211. (54)
2A

Therefore U < 0 and the equilibrium E is a saddle. [

Theorem 8. Assume the conditions of Theorem 3 for existence and positivity of the endemic equilibrium E,. Let
ai, by, ¢y defined by Egs. (50).

o If b% —4aicy < 0, then E; is unstable for s < 0 and locally asymptotically stable for s > 0.

o If b% —4daicy = 0, Ey is locally asymptotically stable for I > Ix and s > 0, whereas that it is unstable for
L <Ixorly>Ixands <.

With s = m1(—B + v/B2 — 4AC) + 2Ams,
my = (r + Paat — Paaty + 2bay) A* — a3r AC — ABay(bay + 2r) + B2asr,
my = bA? — ACas(bay + 2r) + a3rBC,
r=a(pd+b+y)+ 8. (55)

Proof. Consider E; = (53, I») be real and positive, and its characteristic polynomial (46). We will have that the
equilibrium is unstable when U < O or U > 0, W < 0, and locally asymptotically stable when U > 0, W > 0.
Following the previous proof

_ b@lf+bih+ec) LF()
(U +al)(I+amb)?  (+ab)(1+ah)?

where ap, by, c] are the same as in previous theorem. Therefore sgn(U) = sgn(F (I3)). We have seen that F (1) has
two roots I and I * .

(56)

o If b% —4ajcy < 0 the roots are not real, so F (/7) has a single sign for all values of I and sgn(F (1)) = sgn(cy) =
sgn(B — a»C). Using the fact that
b? —4dajc) = 4A(A — Bay +a3C) < 0, (57)
we can obtain that ¢; > 0, so U > 0. Now,
1
W =
(1 +ab)(1 4+ arh)?
+ o (bay + 20 pS+2ba +2ay +28) I,?
+ (@pd+ba+p+apfy—prar+ay+2baz)lr +0b]
_ G(h)
(I+ab)(1 +axl)?

By using the division algorithm,

G(I) = (AI} + Bl + C)P(I2)

[02% (ay + bo + B+ a pd) I’

(58)

1
+ ?[((r + Bact — Baoy 4 2bas) A® — a3r AC — ABay(bay + 2r) + B2a3r) Iy
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Fig. 7. Phase plane with three equilibria.

+ bA? — ACas(bay + 2r) + a3r BC],
milp +my
A2
where P (I) is a polynomial in I, of degree one. Being I» a coordinate of an equilibrium then A122 +BL+C=0

and

= (Al + BL+ C)P(I) + (59

Hence sgn(W) = sgn(G (1)) = sgn(%) = sgn(m1 Iy + m»). Substituting the value of I,
mily +my = %(—B + VB2 —4AC) +my.

It follows that sgn(m 11, + mz) = sgn(mi(—B + ~ B2 — 4AC) + 2Am;) = sgn(s). Therefore E; is unstable if
s < 0 and locally asymptotically stable if s > O.

e When b% — 4ajcy > 0, we have two real roots 7%, I * * of F(I3). As we saw in the proof of previous theorem,
F(I>) > 0for I, > I*and I, < I % * (which does not hold because I * x < 0), and F(l5) < 0for0 < I, < Ix.
So,if 0 < I, < Ix the equilibrium E> is unstable.

When I > I+ then U > 0 and the sign of W depends on the sign of s, therefore the equilibrium is locally
asymptotically stable for s > 0 and unstable fors < 0. U

Example 4. In Fig. 7 we show an example with three equilibria points: E, E| and E,. The parameters used are fixed
asin Fig. 3, and By = 0.013. We can see that, in fact, £ is a saddle, while E and E; are stable.

4. Hopf bifurcation

By previous section we know that the system (3) has two positive endemic equilibria under the conditions of
Theorem 3. Equilibrium E; is always a saddle, so its stability does not change and there is no possibility of a Hopf
bifurcation in it. So let us analyze the existence of a Hopf bifurcation of equilibrium E> = (S2, I2). Analyzing the
characteristic equation for E», it has a pair of pure imaginary roots if and only if U > O and W = 0.

Theorem 9. Suppose the existence and positivity of the endemic equilibrium E3, and one of the following conditions:

° b%—4a1C1 <0,
° b% —dajc; >0, I > I
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Let s be defined as in Theorem 8. System (3) undergoes a Hopf bifurcation of the equilibrium E, at s = 0. Moreover, if
ap < 0, there is a family of stable periodic orbits of (3) as s decreases from 0; if ay > O, there is a family of unstable
periodic orbits of (3) as s increases from (.

Proof. The characteristical polynomial for E, has a pair of pure imaginary roots iff U > 0 and W = 0. From the
proof of Theorem 8§ we have that U > 0 if and only if b7 —4ajc; < 0 or b3 —4ajc; > 0and I, > Ix.

Although, sgn(W) = sgn(s), so W = 0 if and only if s = 0. By first part of theorem 3.4.2 of [5] the roots A and A
of (46) for E, vary smoothly, so we can affirm that near s = 0 these roots are still complex conjugate and

dReGu(s)|  d (1
s=0 B ds <2W(S))

ds
1d s
~2ds <2A3(1 Tab) (1 + a212)2>
1
= (0 tab)( tah? 7
Therefore s = 0 is the Hopf bifurcation point for (3).
To analyze the behavior of the solutions of (3) when s = 0 we make a change of coordinates to obtain a new

equivalent system to (3) with an equilibrium in (0, 0) in the x—y plane (see Appendix B). Under this change the
system becomes:

(60)

dx _anx+any+cixy + oy’

dt l+ay+al

d_y _anx +axy + c3xy + C4xy2 + Csy2 =+ 66y3
dt A4+ay+ab)(1+oayy+arlh)
where the g;;’s and ¢;’s are defined in Appendix B.

System (61) and (3) are equivalent (Appendix B), so we can work with (61). This system has a pair of pure
imaginary eigenvalues if and only if (3), has them too. Computing Jacobian matrix D F (0, 0) of (61)

(61)

ar a2
_ 1+al 14+ al)
DF(0,0) = a1 ax (62)
(I+oabh)(A+ab) (A+alr)(1+al)
Tr(DF(0,0)) = Tr(Df(S2, I2)), det(DF (0, 0)) = det(Df (S2, 1)).
So condition W = 0 is equivalent to aj (1 + a212) + axp = 0 and U > 0 equivalent to axa; — ajzaz; > 0.
System (61) can be rewritten as
dx ajx apy
- = Gi(x, 63
at " Ttab Tan O (63)
d ax ax
= . +Galx. y) (64)

= +
dt (I4+ah) (1 +arlh) (I4+ab) (1 +aylh)

where G1, G, are defined in Appendix B.
Let A = /det(DF (0, 0)). We use the change of variable u = x, v = A(1a41—:x12) + /1((112312)’ to obtain the following
equivalent system:

uy 0 A u Hi(u,v)
(v> - (—A 0) (v) * (Hz(u, v)) (65)

_ ((manc +anc)u+ (—Acaly + Aapa — Acy) v) (A + Aalr) v — arju)
apn ((Ol/l + /10[212) v4+ap —aaju+ alzollz)

where

Hi(u,v) = (66)
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Fig. 8. Existence of a limit cycle in the phase plane. The parameters used are § = 0.2, = 0.8,y = 0.01,56 = 0.03,b = 0.01,p =
0.2,m = 0.9,ap = 21, B = 0.15. In this case we have that Ry = 1.0843373493975903614 > 1, so we have a single endemic equilibrium
Ey = (0.51579943753899313111, 0.037237521747155859148). b% —4ajcy = 0.002078697600 > 0, I+ = —0.034459056594790116219 < I,
so we have a Hopf bifurcation at s = 0, moreover and s = —0.000061701527663761846660 and we can observe the limit cycle around E;.

Hy(u,v) = —

o [(A(l +ab)v —ayu) <A1v2 + Aouv + Az + Agui® + A5u>] : (67)

and A1, ..., As, h(u, v) are defined in Appendix B. Let

1
d2 = 1_6[(H1)uuu + (Hl)uvv + (H2)uuv + (HZ)vvv] + [(Hl)uv((Hl)uu + (Hl)vv)

-
16(—A)
- (H2)uv((H2)uu + (H2)UU) - (Hl)uu(HZ)uu + (Hl)vv(HZ)uv] (68)

where

NN
(HD)yuu = F™ <£ (W)) 0,0),

and so on (a; is explicitly expressed in Appendix B).
Then by theorem 3.4.2 of [5] if ay 7 0 then there exists a surface of periodic solutions, if a» < 0 then these cycles
are stable, but if a; > 0 then cycles are repelling (See Fig. 8). O

5. Discussion

As we said in the introduction, traditional epidemic models have always stability results in terms of R, such that
we need only reduce Ry < 1 to eradicate the disease. However, including the treatment function brings new epidemic
equilibria that make the dynamics of the model more complicated. Now, let us discuss some control strategies for the
infectious disease, analyzing the parameters of the treatment function (o2, B2) and looking for conditions that allow
us to eliminate the disease. We make this study by cases.

A first approach is focused on the definition of R, we can see that R decreases when S, increases, so the first
measure suggesting control is a big value for 8,. But this is not always a good way to proceed. Let us divide our
analysis in the following cases:

Case 1: There is no positive endemic equilibrium for Ry < 1. This happens when R < 1 (by Theorem 3) or when
R’(; > 1 and (a2, B2) € A1 U Ay (Theorem 3, number 5). In this case if Ry > 1 there is a unique positive endemic
equilibrium, therefore there exists a bifurcation at Rgp = 1: from the disease free equilibrium, which is globally
asymptotically stable for 0 < Rg < 1 (by Theorem 4) and unstable for Rp = 1 and B> # g(«2) (Theorem 6), to
the positive endemic equilibrium E» as R increases. E, will be locally asymptotic stable or unstable depending on
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Fig. 9. Bifurcation diagram in terms of 8, and «. The values of the parameters taken are « = 0.4, 8 = 0.3,0 = 0.2,y = 0.03,5 = 0.05, p =
0.3, m = 0.3. Here Ry < Ra' inside the solid curve (R = 728') and Rg > Ra' outside it, whenever (8>, ap) is in its domain (under the long
dashed line “root=0"). Rg < 1 above the dot-lined line and R > 1 under it; Ry < P; above the dotted line and Ry > P; under that one.
The areas Ay, Ay, Az are delimited by the dashed line g = 0 and oy = 3.8. In this case the endemic equilibria £| and E; exist both in the area
delimited by the line Ry = 1 and the dotted line Ry = Py, while E exists by itself under the line Ry = 1.

Theorem 8 or surrounded by a limit cycle (Theorem 9). If conditions for Hopf bifurcation hold then the stability of
the limit cycle is determined by a;; when a; < 0 the periodic orbit is stable and therefore E; is unstable, while if
az > 0 then the periodic orbit is unstable and FE; is stable. In this case the best way to eradicate the disease is finding
parameters that allow R < 1, because then all the infectious states tend to I = 0.

Case 2: There exist endemic equilibria for Ryg < 1. This happens when (a3, B2) € Aj3. The existence of
endemic equilibria is determined by the relationship between Ro and max{P;, Rar }. Let F(aa, f2) = Ro — Rar s
G (a2, B2) = Ro — P1, and focus on the implicit curves defined by F = 0 and G = 0. These curves divide the domain
A3 in another ones (see Fig. 9):

A} = {(a2, B2) € A3,0 < Ro < Ry}

A3 = {(a2, B2) € A3, Ro > R{}

A3 = {(@2, B2) € A3,0 < Rg < P1}

A3 = {(a2. B2) € A3, Ro > P1}. (69)

If (a2, Bo) € A% N Ag‘ then there exist two endemic equilibria £ (a saddle) and E; (stable or unstable depending
on conditions of Theorem 8 and possibly with a periodic orbit around (Theorem 9)), but when Ry = 1 one of them
becomes negative, leaving us with E»>. In this case R < 1 is not a sufficient condition to control the disease, because
even with Ro < 1 we have endemic positive equilibria that could be stable and then the disease will tend to a non zero
value; also we have the possibility of a periodic solution, or biologically, an outbreak that will apparently “disappear”
but will re-emerge after some time.

The best way in this case is ensuring (a3, 82) € (A% N Ag)c because then we do not have endemic equilibria for
Ro < 1 and the disease free will be globally asymptotically stable.
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Appendix A. Computing center manifold

The Jacobian matrix of system (36) is

DF(m.0) = (‘Ob —hm _é’m”"s). (A1)

With eigenvalues A} = —b and A, = 0 and respective eigenvectors v; = (1, 0) and v, = (—w, 1). Using the
eigenvectors to establish a new coordinate system we define:

3

A y + B2+ bm y+p+0b
O-( 50 - 0-( )60
0 1 v v 0 1

Under this transformation the system becomes

du d » (y + Bo+bm) L1 (1)
— =S8
dt dt @+ b
B (S+m)1
=————>— —bS—bml+ pdI+ (y + B2+ bm)
l+al
ﬂ(S+m)1 IRV
I+al Py Tt | b
dv_dI (A3)
dt — dt '
T 1+al —Poty) 4ol (A4)
SubstitutingS:u—w,lzvandﬂmzlﬁ—i—y—i—ﬁz we obtain:
d
d—l;=0u+f(v,u)
W but g0, 0) (4.5)
i u+ g, u), .
where
v(=Bb—Bbarv)u
Su,v) =

T (I4av)(+arv)b

v
— dravndtmob ((ﬂbmaz+byaa2—ﬂozsz—i—bp(Saaz—i—ﬁzazm)v

+ (bp8a2+,3bm—,Bbmalpha2+byot2+,32m—/Sp6+ba,3m) v),

1
(I +av) (1 +apv)b?

2

[v((mb*y o + 2 BZbm*ar + B as p*8?

gu,v) =—

+ ,B3a2m2 —by pSaar+byaayfm —ZﬂzazmpS +bpSaay fm

— PP’maar B — B*bmas + b*m?Bas + b>mpd o oy — bp*8’a an

— 2B bmay p8 — b*mB ay + b as pd)v? + (b*m*B — 2 B bmps — B b*m + 2 BZbm?
— B*bm + B p>8% + 2 Bbmay ps — bpsa fm + B>m* + Bbps — b*a Bm — 2 BZmps
+ b’m’a B+ ba ,32m2 —up b*mas — b,32ua2m + bBuarpd — y bpdaz + y Bbmay
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+ bzmpﬁ oy — bzmzﬂ ar 4+ uf bPan — bp282a2 — ﬁzbmzaz + bzmy )V — bzmﬁ u
+ uB b* — bB%um + bp ups)). (A.6)
By [3] the system (A.5) has a center manifold of the form u = h(v). Let ¢ : R — R and define the annihilator:

Né = ¢'()(f (v, p(v))) + b — g(v, p(v))
. 1
T b2+ av)(1 + azv)
+ bPparv + bzm)/ v+ ¢ B vb? + vbg B pé+ bzmp8 arv? — ¢ B V2 b’ mas

[bpd o U3a2ﬂ m—+ b2m2,3 v — B v2bPm + b3¢ + b3¢ot v

— y bpé v + bzmy aviar + y ﬂ vZbmay + b*m’a v? B — 2,821) mpé — ﬂzvzbmzag
+ﬂv2bp5b2v2a,6m+bav/3 —bpSav ﬂm+,33 Zm? ZﬂvzbmpS—i—,Bvazm
+ 2820%bm? + Bv?p?8% — B2vZbm — ¢ B vb>m — vb BPm + B v bas pd — b v e anfm

2820 vy — 2;9 v azmp(S +¢p v2blay — bzmzﬁ Vs + bzmzﬁ v — B v b mas

— bp
- ,32v3b012m + 2,32v3bm oy — bp282v oy + B v3a2p252 + b3¢oc Vi — v2b¢ ﬂZm(xz

+ v?bg Bpdar+bya v3oe2ﬁ m + bzmpa avia, — y bps o var —2 B v3bma2p8

+ 2 B v2bmar ps]. (A7)

Assume that ¢ = agv? +a;v> + O (v*), then by substituting ¢ and % in the annihilator N ¢ and expanding its Taylor
series we get:

N¢ = % ((y Bbmay + b*mpd ay — b*m*B oy + 2 f bmay pd + 2 f7bm* + b*m*B
— Bb*m + bPag — B*bm>ar — 2 B bmps + b*my ar — y bpsar — b*a Bm — B2bm
+ vba B2m? + b>m’a B — 2 B2mps + B p>8* — bpSa fm — bp*s*ay + B bps
+ Bm*v? — b—12[a Bm? —ag Bb> — bPay — 2bpSa fm — BPbm*ar? — bp*s*as?
+ mb?y ar® — b*m* B ar® — b*a Bm — b2a*Bm — a Brbm + ba’B2m® + b*m’a’ B
+ aﬂp282 + 3a0,3b2m + 3a0bﬂ2m + 2a0b2y oy + 2aob2p5a2 — 2a0/3b2ma2
— 3agbf pd+2apb’a fm —2a 2mps + a Bbps + b2mps ar® + by ar’fm
— by pSar® +2 B bmar’ps — bpSa’Bm + b*m*a B+ 2ba BZm* v + O(v4)) . (A.8)

By choosing the coefficients of v? and v3 in order to have N¢ = O(v*) we obtain that ap and a; must be the
following:

ag = b3 b2m2ﬂ + Bbps — b*a Bm + b*mpSar — y bpSas + y Bbmas — 2 B bmps
— Bb%m +2 Bbm? — B2bm + B p*8% + 2 B bmay ps — bpsa Bm + BPm?* — bp*s*ay
— b*m?Bay — 2 B2mps + b my ay + ba BZm* + b*m*a p — B*bm’ay], (A.9)
a) = %[a ,33m2 —aop b =2 bpsa fm — ﬁzbmzaz — bp282a22 + mbzy a% - bzmzﬁag
- b Bm — bzazﬁ m-—ao ,32bm + ba2ﬁ2m2 + bzmzazﬁ +ap p282 +3ap B b’m
+ 3agbp®m +2ag b’y ar + 2ag b>pSar — 2ag B b>mas — 3ag b pd + 2ayg b’ fm
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— 20 BPmps + a Bbps + b*mps ax® + by ax’Bm — by psar® + 2 B bmay’ ps
— bpsa®Bm + b*m*a B + 2 ba BZm?). (A.10)
Hence h(v) = agv? + a;v’ + O(v?).
Appendix B. Hopf bifurcation

To analyze the behavior of the solutions of (3) when s = 0 we make a change of coordinates x = S— 82,y = I — 1,
to obtain a new equivalent system to (3) with an equilibrium in (0, 0) in the x—y plane. Under this change the system
becomes in:

dx anx+apy+cixy+ 2y + 7

k]

dt 14+ay+alr
dy _ anx +any+cxy + caxy? + csy? + cey® + c3 (B.1)
dt (I+ay+abh) (1 +oy+axl)
where:
ai = —b — B1lh — bal (B.2)
ajp = —2bmal, + bma —baSy +2 pSaly + p§ —bm — 152 (B.3)
c1 = —ba — B (B.4)
¢y = —bma + pda (B.5)
a1 = =L (—p1 — Bz 1) (B.6)
ay = —2pdaly +2B1a8 1 — 3 pb aa2122 —2yab
— 2yl —2pSasly —2phals =3y acs b’ —y — ps — fo+ Bi1Ss (B.7)
c3 =2Braaly + Bi (B.8)
cs = Prany? (B.9)
cs=—-3pSaarly —3yaorylh — pSa+ PraaSr —yo —y oy — pdar — fra (B.10)
c6 = —pdoaoy — Y any (B.11)
c7 = —(B1S2ly — bmaly +bSy — pS I — pSaly® + baSrlr + bmly — bm + bmalr?) (B.12)
g = —hlpdaly+ pé+ pdashy +yasly — BraaSala + y aly + fralr
+ v +vawal’ = BiSr+ po + plamr’]. (B.13)

But from the equations for the equilibrium point we can prove that c; = cg = 0, so the system we will work on is

dx _ anx +apy+cxy+ c2y?
dt l4+ay+aly

dy _ axx +any + c3xy + caxy® + esy* + ¢y’
dt (I+ay+ab)(1+ay+arl) ’
If we denote system (3) as (S, I)’ = f(S, I) and system (B.1) as (x, y) = F(x, y), f = (f1, f2), F = (F1, F?) then

Fx,y)=f(x+ 8,y + D),

(B.14)

and
oF, of; 3s af; a1 of;
E(X, y) = ﬁ(x + 82,y + Iz)a(X, y)+ W(X + 82,y + IZ)E(X,)’) = ﬁ(x + 82,y + D)
3F, of; 3s af; a1 of;
E(X, y) = ﬁ(x + 82,y + Iz)@(h y)+ B_I(x + 82,y + 12)5@’ y) = ﬁ(x + 82,y + D).
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So, the Jacobian matrix of (61) D F (0, 0) in the equilibrium is equal to the Jacobian matrix of system (3) Df (Sy, I1).
We can also compute the partial derivatives of system (B.1) and (61) to prove that they are equal, i.e.,

Df (82, ) = DF(0,0). (B.15)

Therefore the system (61) and (3) are equivalent and we can work with system (61). The Jacobian matrix D F (0, 0)
of (61) is:

arn ap
_ 14+al 1 +ab)
DF(0,0) = 5 o (B.16)
IT+ah)(I+al) (+ah)(1+al)
So system (61) can be rewritten as
dx anx apy
- = Gi(x, B.17
dt 1+al, 1+al, +Gix.y) ( )
dy azx any
— = + + G (x, B.18
& = Uvab) (I tmh)  Arab) (tah 20 B19)
where
1

G| = 14+alb)cy —analxy + [c2(1 +alp) — aa 2 B.19

1 (1+ay+a12)(1+a12){[( 2)er — ajra)xy + [ea( 2) 1217} (B.19)

1

G2 {le3(I +al)(1 +axl)

- A+ay+ab)(+ay+oah)A+alb)(l +axln)
— axi(on + o + 2aa b)1xy + [ea(l + ah) (1 + o lh) — azjaar]xy?
+ les(I+ah)(1 +a2h) — an(@ + a + 2002 11)]y* + [c6(1 + al) (1 + a2 br) — anaasly®).  (B.20)

We need the normal form of the system (61). The eigenvalues of D F (0, 0) when so = 0 and (i), (ii) are satisfied
are:

Ai, —Ai.

With complex eigenvector

-1 —1
v=| —Ai(l +ab) +ay; , v=| Ai(l +abh) +an
arn a2

Using the Jordan Canonical form of matrix D F (0, 0) and the procedure in [10, p. 107,108] we use the change of
variable u = x, v = 5 (lﬂg 5+ A(‘f‘fz 7y to obtain the following equivalent system:

uy _ 0 A u Hi(u,v)
<U> B (—/1 0) <v> + <H2(u, v)) (B.21)

where
HyGn.v) = — ((manci +anc) u+ (—Acxalr + Aapa — Acy) v) (A + Aab) v — aju) (B.22)
apn ((Ol/l + /10(212) v4+ap —aaju+ alzollz)
1
Ho(u, v) = — [(/1(1 +ab)v —anu) (A1v2+A2uv+A3v+A4u2+A5u>]. (B.23)
h(u,v)
And:

Ay = A2 (1 4+ ah)? [—ancear e — ajjcaan haa? — ajjcaabas

2
— apcealy + arnjanaay”h + anjanpaay + appaxoa;
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2
— ajjca” I — appcearly — aycr0n — ajncel
Ay=—-A(1+al 2al,? 2cqan o — 2 L?
2= (1 4+ o) [aiiancio®al” 4+ app csan b a apajcear o
— 2020{1220(2251112 + alzaa22a11212 —2apayicecly — 2cza12a2a112
2 2 2
+ a“csaly +ananciaraly + ajjaincion”lr + apncsarlr — 2aparicearlz
2 2 2 2 2
— 2ai1"c2a”h +apcs — 2ay“caan — 2apnayice + ananpciar + apaasan
2 2
— ap‘aaxon +2appaiapac;]
Az = A (1 4+ ab)apl—ancsal’w + apajjaia® h? + 2 apanac I
+ 2apaaorly —apcsaly + ajpana + arjaipe — ajpesaxlr + ajpaxpon
2 272
— 2ancah’ay —ajjcaaly —ajjer — ajjcra” " — 2aycoon1h]
2 2 2 2
Ay = —ayi[—an‘csarlr — anjancionaly + coahazai1” — ap“caon o
— avlesa ] — ar> 2 . . 20 1,2
ap’csaly —ap ey +ap aaziay — apajjapaay — ajjappciey ol
2 2 2 2
+ apajice +ay“crax I +apaycear o +ay o — ajjapciar
2.2 2 2
+ apaiicearly + apaiiceal; + cralr a1 — ajjappciay” ]
Ae = 2 a2 It 20 0l 2 2 272 _
s=apl2a“cul +aj“caly +apnaa +ay T LY — appaiane
2 2 2
— apanapa —apczanl; —apczaly +ajjancs +apaax — apaiicy
2 272
+ 2ap aaonly — appaycion”h” — apajcialy — 2apaycionl
2 2 2 2
+ aiancsaxly + ayapcsaly —ap czal*ay —appcs +anapcsal a;
— 2apananaal, — 2apanciah? alphay — apaycialy’a? + 2ai*cah’a;
+ an*cal’ar® + ai’er)
h(u,v) =4 (1 + 0512)2 alz[(a/l + /105212) v+ap —aanu+apal]
X [(aad+axAdab)v+an —oariu+axhan] (1 +a2lp) .
Let

1
('_12 = 1_6[(Hl)uuu + (Hl)uvv + (HZ)uuv + (H2)vvv] + [(Hl)uv((Hl)uu + (Hl)vv)

-
16(—A)
- (H2)uv((H2)uu + (HZ)UU) - (Hl)uu(HZ)uu + (Hl)UU(HZ)UU]'

3 ((—Cl/l vot212 + A va11a2 —apcialy +ajjcraly — i Ava — appey + a11c2) alza“za)

8 (ary +adv)* (14 a1 1)?
_ (S3anex —3ancab +2apana +apcy + anpciar ) aA?
8(1 +abh)ar?

1
8A (1+ 0612)4 ant +05212)3

+ day Asa? A LPay + 2a11 Asap A — ap1 2 Asa — 2a11? Asaan l — a2 Azan — ary Azann

[2a11AsaAd +6aj1AsaAdar]r + 2011A50{2A I

2
— ajtAzrapanly —ayAranaly —ajjArapaly oy + Asda + Asdaponlp

+ 2Asdappaly +2 Ag/A a12a122a2 + Ag/ a12a2122 + Ag/ a12a2123a2]

131

(B.24)
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3(—Ajap — Araparly + Asald + 2 Asadarlr + AzapA)
8 (1+ab)ap* (1 +ah)?
1 |:_2 A (=2ay1c2 — 2ancoaly + apana + appey + appcrals)
ap* (1 + ah)?

164
_ s (AsA+ AsAal, — a1 Az) (—ai1As + Az A+ Az Adaly)
A2 (1 +ab)®apd (1 +al)?
(—aixer +arier) ar?As 4 (—c2aly + appa — c2) /12A3:|
ad (L +ab)* A (1 +wmh)? ap’(+ab)? (1 +ah)? ]

(B.25)
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