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1. Introduction

Consider a rational function field of one variable F' over its field of constants F,
where F, is a finite field of ¢ = p" elements, p a prime number, n > 1. Once we choose a
generator x of F' over g, it is customary to call those places of F' coming from irreducible
primes of A = IF,[x] the finite places, and the unique remaining place is called the infinite
place and is denoted by po or p;/, because it has uniformizer 1/x.

Artin [1] considered the analogy Z, Q and R < A = F,[z], F = Fp(z), Fouo =
F,((1/x)), p an odd prime, and called a quadratic extension K of F' real if K C Fi, i.e.,
there are two places of K over po (i.e., Poo splits completely) and imaginary if there is
only one place P, above po,. MacRae [6] calls K imaginary if further p., ramifies in K.
In this article, we follow Artin’s definition.

If K is not a geometric quadratic extension of Fy(x), then K is Fg(z), which is
understood, so we restrict to geometric imaginary quadratic extensions only.

We can consider the divisor class group Cy(K) of divisors of degree 0 of K or the
ideal class group C'(Ok) of the integral closure Ok of F,[x] in K. We know these are
finite and |C'(Ok)| = (degPwo) |Co(K)|. Thus, when we consider ideal class groups of
exponent £, £ an odd prime, we automatically reduce to the ramified case.

Often, e.g. in Drinfeld’s theory, any chosen place is called the infinite place and others
are called finite places, but we stick to this classical terminology, which practically means
that any place of degree one can be chosen to be the infinite place, given just the abstract
rational function field. Hence K is called [8] a totally imaginary extension of F if no place
of degree one in F' splits in K.

To classify relative extensions K/F, one uses isomorphisms keeping F' (and hence Fy)
constant, but to shorten the list or to use abstract K’s one often uses the notion of
isomorphism instead. Here, we classify function fields up to isomorphism.

2. Norms of integral elements in imaginary extensions

Let K be an imaginary extension of Fy(z) with genus g. There is only one place Poo
which lies over the infinity place po, of Fy(z). The following theorem, provides a bound
on the degree of the norm of integral elements.

Theorem 2.1. /8, Theorem 4, p. 220] If K is an imaginary quadratic extension of Fq(z),
then, for any o € K \ Fylz], which is integral over Fg(x],

deg N(a) > 29+ 1,
where N is the norm of a.

Corollary 2.2. If K is an imaginary quadratic extension of Fy(x) for which the divisor
class group has exponent e, then, for any finite place p of Fy(x) which splits in K,
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29
d > L
©8F, () P = T

where g is the genus of K and dy, = degPo is the degree of the place of K over the
infinite place poo of Fy(x).

Proof. Let p(z) be the irreducible polynomial of Fy[z] associated with the divisor p, and
let B be any place of K which lies over p. Thus,

Ploe /PP € Co(K).

Now, since the exponent of the divisor class group is e,

(P /PLEF) = (), a€eK.

Taking norms of both sides gives
(p>= /ple 1°5P)" = (N ().
But then,
N(a) = a- pla)“=
for some a € Fy. By Theorem 2.1,
edoo degp(z) > 29 + 1.

Thus

2
degp > 29 O
edso
Theorem 2.3. Let K be a quadratic extension of F for which the divisor class group has
exponent e, then K is a totally imaginary extension of F if K has genus greater than or

equal to e.

Proof. By hypothesis, K is a quadratic extension of F' for which the divisor class group
has exponent e. Suppose there is a place of degree 1 in F' which splits in K; let it be the
infinite place of F'. Then, if Q; and £, are two places of K which lie over the infinite
place of F,

Ql/QQ c C()(K)

Since the divisor class group has exponent e, it follows that
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Q1/95 = ().
Hence, vg, () = —e. If the characteristic is odd, by [7, Theorem 4] we have
e>l+g>yg

and if the characteristic is 2, from [7, Theorem 10] follows that
>g+ L >
e = .
29 D) g
Thus, if a place of degree 1 splits in such a K, K has genus less than e. 0O

Theorem 2.4. Let K be a quadratic extension of F' then, for a proper choice of the gen-
erator x of F over F,, K is an imaginary extension of F,(z) if ¢ > 29> +2g+/g? — 1 —1.

Proof. Suppose that all the places of degree 1 in F split in K. Then K has 2q + 2 places
of degree one. However, by the Riemann hypothesis for function fields,

1(2¢ +2) — (¢ +1)| < 29¢"/*

g+ 1] < 2942,
Hence,
q+1—2gq1/2 <0.

Now, let y = ,/q. Then y?—2gy+1 < 0, and the roots of this equation are y = g4+/¢2 — 1.

So ¢ =2¢® £2g\/g2 — 1 — 1. But, if ¢ > 29> + 29\/92 — 1 — 1, then ¢ + 1 — 2g¢"/? > 0,
a contradiction. Therefore, some place of degree one in F' must not split in K. O

From algebraic geometry [10], it is known that the ¢-rank of the divisor class group of
an algebraic function field over an algebraically closed field of constants is 2g if £ is not
the characteristic, and it is at most g when ¢ is the characteristic. Thus, in a function
field over a finite field the ¢-rank of the divisor class group is at most 2g when /¢ is not
the characteristic and at most g when £ is the characteristic.

Theorem 2.5. If K/F, is an algebraic function field over the finite field F,, ¢ = p™, in
which the divisor class group has exponent £, with £ prime, then,

q="/ ifp="~Land { > 2
qgq=2or4 ifp=~{and =2
g<(U+1)?% ifp#£L.
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Proof. If p # ¢, then for hx = |Co(K)|, the class number of K,
hi < %9

since Co(K) is at most the product of 2g copies of Z/¢Z. However, by the Riemann
hypothesis for function fields,

(g2 —1)29 < hy < 029 (1)

This implies log,(\/g —1) <1, so

If p = ¢, then

or, equivalently

¢ < (Vi+1)% (2)
But, since ¢ = p™ for some positive integer n, we have from (2) that

Pt < (VP +1)%

Now, (,/p+1)% < p? if p > 2, so in this case n = 1 and ¢ = p. When p = 2, (v2+1)? < 23
and therefore g =2or¢g=4. O

This theorem says that there is only a finite number of ¢’s. Next, we show that for
each order there is only a finite number of possible K, by bounding the genus of such
fields.

If K is such that not all the places of degree 1 of Fy(x) are inert in K and such
that the genus g > e, then, by Theorem 2.3, some place of degree 1 must ramify. Thus
it can be assumed that the field K is imaginary and that the infinite place of F,(z)
ramifies in K. In this case, Corollary 2.2 says that no place of degree % g or less can split
in K.

On the other hand, Theorem 6 from [7] says that for a fixed g, if m is a positive integer
such that

q" —2g9q% —2m(g+2) >0

then there exists a place in Fy(z) which splits completely in K and which has degree less

than mo, where mg = m + 2. Now, if we take m = | 22| — 1, where |r| denotes the floor

of the rational number r, we have
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2g 2

m+1= {J < —g.
e e

Moreover, if g > e then m > 0. This implies

Theorem 2.6. Let K be a quadratic extension of Fy(x) of genus g, in which not all the
places of degree 1 in Fy(x) are inert. If the divisor class group of K has exponent e, and

q" —2g9q% —2m(g+2) >0 (3)

where m = L%gJ — 1, then exists a place in Fq(x) which splits completely in K and which

has degree less or equal than %g whenever g > e.
3. Characterization of quadratic extensions of prime exponent

Theorem 3.1. Let K be a quadratic extension of Fy(x), in which the infinite place rami-
fies, and let h = |C(Ok)| be its class number. Let t be the number of places of Fy(z) that
ramify in K. Then h = hx and

(a) The group of divisor classes of degree zero has exponent 2 if and only if h = 2=2 or
h = 2t=1, depending on whether ¢ = 1 mod 2 or not.

(b) If the group of divisor classes of degree zero has exponent an odd prime number, then
t =2 or 1, depending on whether ¢ =1 mod 2 or not.

Proof. The first claim follows from h = d, - h since in this case, when the infinite place
ramifies, do, = 1. For (a) see Theorem 2 in [2|. The part (b) follows from Theorem 9
in [12]. O

The converse of the Theorem 3.1(b) is not true, as shown in the following examples:

Example 3.2.

(a) Let ¢ = 3. Then the function field F5(z,y), where y? + 225 + 223 + 222 + 1 = 0, is
a quadratic extension of F3(x) of genus 2, where two places of Fs(z) ramify, but its
exponent is 9, not a prime.

(b) Now, let ¢ = 2. Then the function field Fo(z,y), where y? +y+22+27+25+23+1 =
0, is a quadratic extension of Fo(x) of genus 6, where one place of Fa(x) ramifies,
but its exponent is 49, not a prime.

4. Exponent three
Observe that Theorems 2.5 and 2.6 give an algorithm to find bounds on ¢ and, in

each case, bounds for the genus of K. Next, we apply this to the particular case when
the exponent equals three.
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Theorem 4.1. If K is an algebraic function field over the finite field Fq in which the
divisor class group has exponent 3, then

q€{2,3,4,57,8,11,13,16} .

Proof. From Theorem 2.5, we immediately have ¢ = 3 if p = 3 and ¢ < 16 other-
wise. O

Now, we have
Theorem 4.2. If K is a quadratic imaginary extension of Fy(x) of genus g, in which

the infinite place of Fq(x) ramifies, and if the ideal class group of K has exponent 3,
then:

(1) ¢g=16,1<g<2
(2) g=13,1<g<2
(3) g=T,1<g<4
(4) ¢g=5,1<g<T7
(5) ¢g=4,1<g<8
(6) g=3,1<g<11
(7) ¢g=2,1<g<19

Proof. Firstly, we prove the theorem for ¢ = 16. In this case, by Equation (1), hx = 329.
Let L(t) = 1+ ait + -+ + az,t? € Z[t] be the L-polynomial of K. This polynomial
factors in CJt] in the form

L(t) = [](1 = ajt).

j=1
Now, by the Hasse—Weil theorem, the reciprocals of the roots of L(t) satisfy
laj| =q¢"? =4, j=1,2,...,2¢,
and so
a; =4 j=1,2,...,2g.
Since L(1) = hg = H?il(l — 4¢3, arranging by conjugate pairs, we get that
g

99 = H(l? — 8cos(6,)). (4)

Jj=1



250 V. Bautista-Ancona et al. / Journal of Number Theory 173 (2017) 245-253

But 17 — 8cos(6;) > 9 and therefore, by (4), 17 — 8cos(§;) = 9, ie., cos(0;) =1, j =
1,2,...,2g. This shows that a; =4, j = 1,2,...,2g and L(t) = (1—4t)*9 = 1—8gt+---.
Since Ni, the number of places of degree one of K,is Ny =a;+¢+ 1= -89+ 17 > 0,
it follows that g < 2.

Now, we consider the case ¢ = 13. Since the Equation (3) holds for g > 5, Theorem 2.6
guarantees the existence of a place p in Fy(z) of degree < 2¢/3 which splits in K. On
the other hand, Corollary 2.2 establishes that p must have degree > 2¢/3 which is a
contradiction. Therefore, if K has exponent 3, then 1 < g < 19.

The same argument shows that if ¢ = 2,3,4,5,7, then the genus is less than or equal
to 19,11, 8,7, 5, respectively.

Next, assume K is an imaginary quadratic extension of Fiz(z) of genus g = 3.
Then, K = Fi3(z,y) with y> = f(z), where f(x) is an irreducible polynomial of
degree 7 over Fy3. By Theorem 3.1, f(x) and the infinite place are the only places
that ramify in K. According to Corollary 2.2, the finite places in Fi3(z) of degree 1
and 2 are inert in K. So, K has exactly one rational place and 13 places of de-
gree 2. Since AN, the number of places of degree one in the constant field extension
KFq3-, is Zd‘rd - N, where N, is the number of places of degree r in K, it follows
that N5 = 27. But by the Hasse-Weil bound for KF;32, N5 satisfies the inequality
’Ng — (132 + 1)‘ < 2-13g, which gives a contradiction. A very similar argument excludes
the case g = 4.

For the values of ¢ = 8,11, mentioned in Theorem 4.1, there are no quadratic func-
tion fields at all with class group of exponent 3. This follows because, according to [5,
Theorem 3.2], if 3 divides ¢ + 1, the 3-rank of the class group doubles when going from
K to the quadratic constant field extension L = KIF .. Since the genus g of K and L
is the same, and for L the 3-rank is bounded by 2g, the 3-rank for K is bounded by g.
So from the inequality (\/g — 1)?9 < 39, which is not valid for ¢ = 8,11, the claim is
proved.

Next, assume ¢ = 7 and g = 5. Then, from Table 3 of [13], the 3-rank is bounded by 4.
Therefore, a class group of exponent 3 for ¢ = 7, g = 5 would lead to the contradiction
(V7T-110 <3t O

Among all the possibilities given in Theorem 4.2, we completely examine, using the
computer algebra package Magma [4] and the mathematics software system SageMath
[14], the following cases:

q genus
2 1<g<6
3 1<g<4
4 1<g<2
5 1<g<4
7 1<g<3
13 1<g<2
16 1<g<2



V. Bautista-Ancona et al. / Journal of Number Theory 173 (2017) 245-253 251

Next, we list the extensions found with exponent three, up to isomorphism.

q g h Extension
2 1 3 Y4y+a2®=0
2 3 y2+y+z5+m+120
3 3 y2+y+z7+13+1:0
4,5,6 Computer search shows that there are no such extensions
3 1 3 yr42e®4+2224+1=0
2 3 y2+2m5+2x3+2w+1:0
3,4 Computer search shows that there are no such extensions
4 1 3 y2+y+wm3:O,wherew2+w+1:0
1 9 y4+y+z3=0
2 9 y2+y+ww5+z3+w2z+w:0,wherew2+w+1:O
5 1 3 Y442 +24+3=0
2,3,4 Computer search shows that there are no such extensions
7 1 3 4622 +3=0
1 9 Yy’ +62°+5=0
2,3 Computer search shows that there are no such extensions
13 1 9 y?+12234+10=0
2 Computer search shows that there are no such extensions
16 1 9 y2 +y+w3z® =0, where w* +w+1=0
2 81 y? +y+wz® +w? =0, where w* +w+1=0

Remark 4.3. By Theorem 4.2, it follows that the examples listed in the above table are
the only ones for g > 7.

Theorem 4.4. Up to isomorphism, there are precisely eight imaginary quadratic function
fields of class number three, in which the infinite place ramifies. The complete list is given
in the following table

Imaginary quadratic function fields with class number 3.

q g Extension

2 1 yY4+y+a23=0

2 y2+y+15+w+120
3 y2+y+m7+m3+1:0
3 1 24223 +2224+1=0
2 y24+22° +22° +22+1=0
4 1 y? +y+ wz® =0, where w? +w+1=0
5 1 y? 4422 +24+3=0
7 1 y2+6z>4+3=0

Proof. According to [11] and [3], there are thirteen quadratic function fields with class
number three, up to isomorphism. It is easily checked that, up to isomorphism, there are
exactly eight imaginary quadratic function fields of exponent three in which the infinite
place ramifies. The above table shows a list of representatives of the distinct isomorphism
classes. O

Remark 4.5 (/11, Theorem 3.2, p. 641]). Up to Fg-isomorphism, there is an extra imag-
inary quadratic function field with class number 3 and g = 1 and is given by Fy(z,y)
where 32 + y + w?2® = 0 and w? +w + 1 = 0.
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5. Exponent two

We take this opportunity to thank Andreas Schweizer for having pointed out the
incompleteness of the list we had given about the quadratic function fields whose ideal
class group have exponent 2 given in [2]. See his article [9, p. 1019]. For this reason we
check the results obtained in [2, Theorem 21|, and we realized that the cases h = 16,
q=2,9g=9and h = 32, ¢ = 3, g = 5 are missing. Then, we re-do the computer
calculations systematically and found that indeed, we omitted some examples when we
tried for the first time.

We give now, up to isomorphism (indeed up to F4-isomorphism), the complete list of
19 quadratic function fields whose ideal class group has exponent two and the infinite
place of Fy(z) ramifies:

Class number 2.

q g Extension
2 1 yY4aytz@E+r+1)=0
2 YPHrayta@t+z+1)=0 )
2 y2+(a)z+x+1)y+(az2+a)+1)(zf+ac+1):0
3 P+ @ +r+)y+ (@ +e+1)(@®+22+1)=0
3 y2+(z3+z2+1)y+(x3+z2+1)(z4+z3+1):O
3 1 ¢ —(z+2)(z>+1)=0
4 1 y2+zy+wz(zz+wz+w):0,Wherew2+w+1:O
5 1 y*—z(2®>+2)=0
Class number 4.
q g Extension
2 2 y2+z(z+1)y+z(z+1)(z3+z+1):O
3 YV4z@+yta(z+ D)@+ +22+2+1)=0
3 y2+a7(a:2+w+1)y+z(w2+z+1)(w4+m+l):O
3 1 yz—:rg—l-w:O
2 oy —2z(x+ D+ +24+2)=0
2 Y22z +2)(z?+ 1) (2 +2x+2)=0
5 1 y2—x3—m:O
701 -t 41=
9 1 Y-+ —la =
Class number 8.
q g Extension
3 2 Y_zz+)(z+2)(2*+1)=0
Class number 16.
q g Extension
5 2 442’ +2=0
Acknowledgments

We are very grateful to the referee who pointed out some errors in the original
manuscript and suggested several improvements. In particular, the referee suggested
significant improvements to some bounds in Theorem 4.2.



V. Bautista-Ancona et al. / Journal of Number Theory 173 (2017) 245-253 253

References

[1] E. Artin, Quadratische Korper im Gebiete der hoheren Kongruenzen. I., Math. Z. 19 (1) (1924)
153-206.

[2] V. Bautista-Ancona, J. Diaz-Vargas, Quadratic function fields with exponent two ideal class group,
J. Number Theory 116 (1) (2006) 21-41.

[3] M. Bilhan, D. Buyruk, F. Ozbudak, Classification of function fields with class number three, J. Pure
Appl. Algebra 219 (11) (2015) 5097-5116.

[4] W. Bosma, J. Cannon, C. Fieker, A. Steel, Handbook of Magma Functions, 2014, Edition 2.21,
5670 pp.

[5] Y. Lee, Reflection theorem for divisor class groups of relative quadratic function fields, J. Number
Theory 128 (7) (2008) 2127-2137.

[6] R.E. MacRae, On unique factorization in certain rings of algebraic functions, J. Algebra 17 (1971)
243-261.

[7] M.L. Madan, D.J. Madden, The exponent of class groups in congruence function fields, Acta Arith.
32 (2) (1977) 183-205.

[8] D.J. Madden, Quadratic function fields with invariant class group, J. Number Theory 9 (2) (1977)
218-228.

[9] A.W. Mason, A. Schweizer, Elliptic points of the Drinfeld modular groups, Math. Z. 279 (3-4)
(2015) 1007-1028.

[10] D. Mumford, Abelian Varieties, Tata Institute of Fundamental Research Studies in Mathematics,
vol. 5, Hindustan Book Agency, New Delhi, 2008, published for the Tata Institute of Fundamental
Research, Bombay. With appendices by C.P. Ramanujam and Yuri Manin, corrected reprint of the
second (1974) edition.

[11] A. Picone, On the classification of algebraic function fields of class number three, Discrete Math.
312 (3) (2012) 637-646.

[12] M. Rosen, Ambiguous divisor classes in function fields, J. Number Theory 9 (2) (1977) 160-174.

[13] P. Rozenhart, M.J. Jacobson, R. Scheidler, Computing quadratic function fields with high 3-rank
via cubic field tabulation, Rocky Mountain J. Math. 45 (6) (2015) 1985-2022.

[14] SageMath, The Sage Mathematics Software System (Version 6.4.1), The Sage Developers, 2014.
http://www.sagemath.org.


http://refhub.elsevier.com/S0022-314X(16)30255-4/bib417274696E31393234s1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib417274696E31393234s1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib422D4431s1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib422D4431s1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib42696C68616Es1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib42696C68616Es1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib4D61676D6132303134s1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib4D61676D6132303134s1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib4Cs1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib4Cs1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib4D616352616531393731s1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib4D616352616531393731s1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib4D6164616Es1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib4D6164616Es1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib4D616464656Es1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib4D616464656Es1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib4D53s1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib4D53s1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib4D756D666F7264s1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib4D756D666F7264s1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib4D756D666F7264s1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib4D756D666F7264s1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib5069636F6E6532303132s1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib5069636F6E6532303132s1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib5231s1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib524A53s1
http://refhub.elsevier.com/S0022-314X(16)30255-4/bib524A53s1
http://www.sagemath.org

	Imaginary quadratic function ﬁelds with ideal class group of prime exponent
	1 Introduction
	2 Norms of integral elements in imaginary extensions
	3 Characterization of quadratic extensions of prime exponent
	4 Exponent three
	5 Exponent two
	Acknowledgments
	References


