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Abstract

Necessary and sufficient conditions for cubic (quartic) permutation poly-
nomials to be self-invertible over the ring Z,» where p > 7 (p > 17) is a
prime number are given, and completely determined. The characterization of
these permutations are given by relations on the coefficients of the polynomial
which resulted in a Grobner basis with respect to some lexicographic order of
certain ideals.
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1 Introduction

The Symmetric group S, i.e., the group of permutations on n symbols has been one
of the most interesting groups and its applications cover several areas in both “pure”
and “applied” Mathematics. With the advance of information technology the sym-
metric group is of great importance: for example, in the design of symmetric cipher
systems such as the Data Encryption Standard (DES) or the Advanced Encryp-
tion Standard (AES), the Substitution boxes (S-boxes) are permutations; in error
detecting-correcting linear (block) codes permutations are used to describe equiva-
lent codes. A main component in the design of turbo codes is a pair of convolutional
codes and an interleaver between them, which is just a permutation. Since the in-
verse of an interleaver is used in the decoding process, easy and computationally
low cost methods are required to generate permutations, so it would be interesting
to determine self-invertible permutations. One way to determine permutations is
by means of polynomials which have been extensively studied over finite fields ([4]).
For practical purposes in turbo coding, permutations on sets with cardinality 2",
(e.g. n =17,8,9,10) are fundamental. In [8] results on interleavers based on per-
mutation polynomials are presented and in [9] results on self-invertible quadratic
permutation polynomials are discussed. Also, the authors undertook the study of
self-invertible permutation polynomials of degree two and three over the ring Z,» of
integers modulo p" for various values of the prime p and the integer n > 1 ([3]). In
this note, necessary and sufficient conditions for a cubic (quartic) polynomial over
the ring Z,»,p > 7, (p > 17) to determine a self-invertible permutation are given.
Furthermore, all of these permutation polynomials are determined. These necessary
and sufficient conditions are given by relations on the coefficients of the polynomials
and it turns out that these relations determine a (strong) Grobner basis of certain
ideals.

The manuscript is organized as follows: the main result in Section 2 is the
characterization of self-invertible quartic permutation polynomials over the ring Z,»
for p > 13 a prime and n > 1 an integer. In Section 3, using the fact that the ring
Zyn is a finite chain ring, self-invertible cubic (quartic) permutation polynomials are
determined over this ring for p > 7, (p > 17). Finally, in Section 4, after recalling
facts on (strong) Grobner bases it is shown that relations on the coefficients for a
cubic (quartic) polynomial to be self-invertible determine such bases of some ideals
in the polynomial ring in three (cubic) and four (quartic) variables over Zn.

2 Self-Invertible Permutation Polynomials over Z,,
p a prime

Let R # 0 be a commutative ring with unity. A polynomial f(x) = a1z + asz® +
oo+ agr? € R[x] with ag # 0 is self-invertible if f(f(a)) = a for all a € R.



Self-invertible cubic (quartic) permutation polynomials 133

The following result generalizes Theorem 3.2 of [3].

Theorem 2.1. Letn > 1 be an integer, f(x) = ajx+agx®+- - +aqx? € Zyn|x] with
d >3, aq#0, and p be a prime such that p > d*> — 1. Then, f(x) is self-invertible
if and only if the coefficients of g(x) = f(f(x)) — x are all equal to 0.

Proof. Suppose that f(x) is self-invertible. Then, g(a) = 0 for all a € Z,». In

particular, g(u) = 0 for all w = 1,2,...,d?, each one a unit in Z,» since p > d* — 1.
Then,

gu)-u™t =0 forall u=1,2,...,d° (1)
Let V (1,9, ...,74) be the d*> x d*> Vandermonde matrix in the indeterminates

T1,%g, ..., e and let A = V(1,2,...,d*) where 1,2,...,d* € Z,». For an integer
m e {1,2,...,d*} let m! = m(m —1)---2-1 (the product taken in the ring Z,n).
It is easy to see that the determinant of A is

d?—1
II G-9=]I*
1<i<j<d? i=1
which is a unit in the ring Z,», and therefore A is invertible. Let o = (o, ..., ag),
where oy, ..., aq are the coefficients of g(z). From relation (1) the linear system
Aot =0,

has only the trivial solution since the matrix A is invertible, proving the claim. The
converse is clear. O

If f(x) = ax+ bx? + ca® + dx* € R[z] is a quartic permutation polynomial, it is
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easily seen that the coefficients of g(z) = f(f(z)) — x are:

o =a* — 1, (2)
asy = ab(l + a), (3)
az = a(a’c + 2b* + ¢), (4)
oy = ad + 3ca®b + 2abe + b* + a'd, (5)
as = 4da®b + 3a*c? + 2bad + 3cab® + 2b%c, (6)
ag = 6abc® + cb® + 3ca’d + bc* + 6da’b? + 2b*d + 4da’c, (7)
ap = 4ad* + 2bed + 4dab® + 12da’be + 3b*c? + 6eabd + 3ac?, (8)
ag = 6ac’d + 3bc® 4 bd? + 3cb*d + db* + 12dab’c + 12a*bd* + 6da*c®,  (9)
a9 = 12a*cd® + ¢* + 3cad® + 6bcd + 12dabc® + 4db>c 4 12ab*d?, (10)
g = 24abed® + 6db*c? + ddac® + 3¢Pd + 3cbd® + 6a*d® + 4bPd, (11)
a1y = 4dbc® 4+ 12acd* + 3c¢2d* + 12abd® + 12b%cd?, (12)
g = dct + 6b%d3 + cd® + 12bc*d? + 12acd®, (13)
g = 43d? + 12bed® + 4dad?, (14)
oy = 4bd* 4 62 d?, (15)
o5 = 4ed?, (16)
g = d°. (17)

Theorem 2.2. Let R be a commutative ring with unity, f(x) = ax +bx?+ ca®+ da*
a quartic polynomial over R and assume that 2, 3 and 5 are units in R. Then,
relations (2) to (17) are all zero if and only if

a®—1=0b(1+a)=0b*+c=2b"—3bd = 4d*> + 3b°d = 17bd* = b*d* = d* = 0.

Proof. Suppose that relations (2) to (17) are all zero. Relation (2) states that a* = 1
and hence a is a unit. Thus, from relations (3) and (4) it follows that b = —ab and
¢ = —b?. Substituting these new relations in a?, b and c, in relations (5) to (17) the
following set of relations are obtained:
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0=d(l1+a)
0 = 4b* — 6bd
0 = 6b° — 9b°d = 27" - 3b(4b"* — 6bd)
0 = 60° — 120%d — 4d* = 27" - 3b*(4b* — 6bd) — 4d* — 3b%d
0= —3b" + 10b*d + 13bd®> = —27%(3b* — 27" - 11d)(4b* — 6bd) + 2% - 85bd*
0 = 0% — 106°d — 216%d* = 273(2b* — 17bd) (4b* — 6bd) — 272 - 135b%d>
0 = 765d + 250%d* + 6d® = 272 - Th*d(4b* — 6bd) + 271 - d*(T1b* + 12d)
0= —4b"d — 21b*d* — 12bd® = —272(4b*d + 27d*)(4b* — 6bd) — 27 - 105bd°
0 = b%d + 120°d* + 170*d® = 273(2b*d + 27bd?) (4b* — 6bd) + 272 - 149b%d°
0= —4b°d? — 1263d® — 4d* = —b*d*(4b* — 6bd) — 18b3d® — 4d*
0 = 6b*d® + 4bd* = 271 - 3d*(4b* — 6bd) + 13bd*
0 = —4b*d*
0=d
From relation (4) of this set of relations, 4d? + 3b3d = 0. Multiplying this last

relation by d and since b*d*> = 0 from relation (6), it follows that 4d®> = 0 and since
2 is a unit in the ring, d*> = 0. The converse is straightforward. O]

The following result gives a characterization for a quartic permutation polyno-
mial over the ring Z,» for primes p > 13 to be self-invertible .

Theorem 2.3. Let n > 1 be an integer, p > 13 a prime and f(z) = ax + bx? +
cx® + dz* a quartic permutation polynomial over Zyn. Then, f(z) is self-invertible
if and only if

a+1=0b+c=20"—3bd = 4d*> + 3b3d = 17bd*> = V*d*> = d®> = 0.

Proof. If f(x) is self-invertible, Theorem 2.1 implies that the coefficients «;, i =
1,...,16, of g(x) are all equal to zero (since p > 42> — 1), and by Theorem 2.2,

a? —1=b(1+a)=0"+c=2b" — 3bd = 4d* + 3b°d = 17bd* = b*d* = d®> = 0.

Since Zy,n is a local ring, it does not have nontrivial idempotents (distinct from 0
and 1), and since the characteristic of Z,» is not a power of 2, the condition a? = 1
implies that the idempotents are of the form 27'(1 4 a) (see Theorem VIL7 and
Exercise VIL.12 of [5]). Therefore,a = —lora=1. lfa=1thenb(l1+a)=2b=0
and hence b = 0. Thus, from relation (5) we have ay = 2d = 0 and then d = 0 which
is a contradiction since the degree of f(z) is 4. Thena=—1ora+1=0.
Conversely, if relation on the statement of the Theorem hold, then a? — 1 =
b(1+a) = b +c =2 —3bd = 4d*> + 3b3°d = 17bd* = V’d®> = d* = 0, and
from Theorem 2.2 it follows that all coefficients of f(f(x)) — = are zero. Finally,
Theorem 2.1 implies that f(z) is self-invertible. O
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Remark 2.4. In Corollary 3.4 of [3] it was shown that for primes p > 7, a cubic
permutation polynomial f(z) = ax + bx* + cax® € Zyn|x] is self-invertible if and only
of
a>—1=b(1+a)=0"+c=c"=0.
However, as in Theorem 2.3, the condition a®> — 1 = 0 is also equivalent to the
condition a + 1 = 0. Indeed, since Zyn 1s a local ring whose characteristic is not a

power of 2 and a is an involution, it follows that a =1 or a = —1 (Theorem VIL7
and Ezercise VII.12 of [5]). If a = 1, then b(1 + a) = 2b = 0 which implies that
b =0 and from b? + c = 0 we obtain c = 0 which is a contradiction. Thus, a = —1.

Conversely, if a+1=0 it follows immediately that a®> — 1 = (a+ 1)(a — 1) = 0.
Therefore, f(x) is self-invertible if and only if a +1=0*+c=c* = 0.

3 Description of Cubic (Quartic) Self-invertible
Permutation Polynomials over Z,. for primes
p>T7(p>17),

Before giving a description of cubic and quartic self-invertible permutation polyno-
mials over Z,. for some primes p, recall that a chain ring is a ring whose ideals
are linearly ordered by inclusion. A chain ring with finitely many ideals is called a
finite-chain ring. For example, the ring Z,. is a finite-chain ring for any prime p
and any positive integer n, since any ideal is of the form (p') for i = 0,1,...,n, and
the lattice of these ideals is such that

Zpn = (1) D (p) D---D (p" 1) D (p") =0.

The following well-known properties of a finite-chain ring ([6]) will be needed
later.

Theorem 3.1. Let A be a finite-chain ring. Then
1. A is a principal ideal ring.
2. A is a local ring with mazimal ideal M .
3. The elements of M are nilpotent and the elements of A\ M are units.

4. If v is a fized generator of M and v is the nilpotency index of v i.e. the
smallest positive integer for which v* =0, then

(a) the distinct proper ideals of A are (y)a,i=1,...,v —1,

(b) for any element a € A\ {0} there is a unique i and a unit w € A such
that a = uy® where 0 <i < v —1 and u is unique modulo y*~°.
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The next result determines all self-invertible cubic permutation polynomials.

Theorem 3.2. Let n > 1 be an integer and p > 7 be a prime. The self-invertible
cubic permutation polynomials over Zyn are of the form

f(z) = —x + up®a? + vp** a3
where k 1s an integer such that 7 < k < %, -2k

divides (u? 4+ v).

and u,v are units in Zyn such that p

Proof. Let f(x) = ax + bx* + cz® be a self-invertible cubic permutation polynomial
over Zyn. Since ¢ # 0, from Theorem 3.1, ¢ = vp! with 0 <1 < n and v a unit. On
the other hand, by Remark 2.4, @ = —1 and b*> + ¢ = 0. Thus, if b = 0 relation
b%* 4+ ¢ = 0 implies that ¢ = 0 which is a contradiction. Therefore b # 0 and from
Theorem 3.1, b = up® with 0 < k < n and u a unit. Hence

0=0"+c=u’p* 4+ vp.

If | < 2k then p!(u?p*~! +v) = 0 and u?p*~! + v is a unit. Then p! = 0, therefore
¢ = 0 which is a contradiction.

If I > 2k then p?*(u? +vp!=2*) = 0 and u? +vp!~2* is a unit. Then p* = 0 and then
b* = 0. It follows that ¢ = 0 which is a contradiction.

Hence | = 2k < n and 0 = p?*(u? + v) implies that p"~2* | (u® + v). Also, from
Remark 2.4, 0 = ¢* = v?p? which implies that 21 > n, and therefore k > 2.

Conversely, if a = —1, b = up® and ¢ = vp?* where 7 <k < 3 and u, v are units such
that p" 2% | (u? 4 v), then it is straightforward to see that a +1 =%+ ¢ = ¢ = 0,
and the result follows from Remark 2.4. O

Theorem 3.3. Let n > 1 be an integer and p > 17 a prime. The self-invertible
quartic permutation polynomials f(x) = ax+bx*+ ca®+dx* over Zyn are as follows:

_ _ k.2 4
1. Ifc=0, f(z) = —xv 4+ up®2® + wp™z* where 5 <k <n, 5 <m<n, and u,
w are units.

2. If ¢ #£0, f(z) = —x + up®a? + vp?*a® + wp™a? where k < %, u, v and w are
units such that p"~2* divides (u® +v), m < n, and

(a) If m < 3k, then f(x) is self-invertible if and only if k +m > n and
m> 2.
=3

(b) If m = 3k, then f(x) is self-invertible if and only if 5 < k <
P (20 = Bw), or k> 2.

(c) If m > 3k, then f(x) is self-invertible if and only if k > 7.

and

~13

Proof. Let f(z) = ax + bx? + ca® + dx* be a quartic permutation polynomial over
Zipn, p > 17. Then, d # 0 and Proposition 3.1 implies that d = wp™ with 0 <m < n
and w a unit.
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1. ¢ =0. Suppose that f(x) is self-invertible. Theorem 2.3 implies that a = —1,

b> + ¢ = 0 and 4d® + 3b3d = 0. Since ¢ = 0, b*> = 0 and so d> = 0. From
0 = d*> = w?p*™ it follows that 2m > n and so £ < m < n. If b = 0, then
f(x) = —x +wpm™at. b # 0, b = up® where 0 < k < n and u a unit, by
Theorem 3.1. Now, from 0 = b* = u?p?*, 2k > n and therefore 2 < k < n.
Conversely, if f(z) = —x + up2? + wp™a* where 5 <k<mn, 5 <m<n,
and u, w are units, it follows that a = —1, b = up* and d = wp™. Thus
b2 + ¢ = b = u*p?* = 0 since 2k > n; 2b* — 3bd = —3bd = —3uwp**™ =0
since k+m > % +2 = n; 4d* 4+ 30%d = 4d* = 4w’p®™ = 0 since 2m > n. Since
4 1 p, it follows that d?> = 0 and hence 17bd? = 0, b*d*> = 0 and d*> = 0. The
claim follows from Theorem 2.3.

¢ # 0. Suppose that f(x) is self-invertible. Then by Theorem 2.3 we have
that @ = —1 and b®> + ¢ = 0. Since ¢ # 0, b # 0. Then, by Proposition 3.1
we can write b = up®, ¢ = vp' for some units v, v and integers k, [ such that
0<k<nand0<I<n. Thus,

0 =04 c = u’p* +vpl. (18)

If 2k < [, then 0 = p*(u® + vp!~2*) with u? + vp'~?* a unit. Hence, 2k > n
and therefore b> = 0 which is a contradiction since ¢ # 0.

If 2k > [, then 0 = p!(u?p*~! + v) with u?p?*~! + v a unit. Hence, [ > n and
therefore ¢ = vp' = 0, a contradiction.

Therefore, 2k = [ and so k < 5. Putting [ = 2k in relation (18) we obtain
0 = p*(u? 4+ v) which implies that p"~2* divides (u* + v) since 2k < n.

(a) Suppose that m < 3k. Since f(z) is self-invertible, by Theorem 2.3,
2b* —3bd = 0 and then 2u*p** — 3uwp**™ = 0. Since m < 3k, k+m < 4k
and hence p*™™(2utp3*~™ — 3uw) = 0 with 2u'p®* ™™ — 3uw a unit. Tt
follows that k+m > n. On the other hand from Theorem 2.3, 4d*+3b3d =
0 and then, 0 = 4w?p?™ + 3udwp® ™ = wp?™ (4w + 3up®~™) with
4w + 3uPp®*~™ a unit since m < 3k. It follows that 2m > n and hence
m > %

(b) Suppose that m = 3k. Since f(z) is self-invertible, from Theorem 2.3
we have 0 = 2b* — 3bd = up™(2u® — 3w). If 4k < n, then p"~** divides
(2u® — 3w). But from Theorem 2.3, 0 = 4d” + 3b*d = pS*w (4w + 3u?).
Suppose that 6k < n. Then p divides (2u® —3w), p divides (4w+3u?) and
hence p divides —3(2u3—3w)+2(4w+3u?) = 17w which is a contradiction
since p > 17 and w is a unit. Therefore, 6k > n.

(c) Suppose that m > 3k. Since f(z) is self-invertible, from Theorem 2.3,
20* — 3bd = 0. Then 0 = up* (2u® — 3wp™ k) with 2u® — 3wp™>* a unit
since m > 3k. Therefore, 4k > n which is equivalent to k& > % and so
m > 3
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Conversely, suppose that f(z) = —z+up*z? +vp?* 23 +wp™a?* where k < 5y Uy

v and w are units such that p"~2* divides (u?+v) and m < n. Then, a = —1,
b=up”®, ¢ =vp*, d=wp™, and therefore b* + ¢ = p**(u? +v) = 0.

(@) fm <3k, k+m >nand § <m <n. Thenn < k+m <4k It
is straightforward to see that all relations in Theorem 2.3 are satisfied,
which implies that f(z) is self-invertible.

(b) If m = 3k, 2 <k < 2 and p"~* | (2u® — 3w). Then, m > g A direct
calculation shows that all relations of Theorem 2.3 are satisfied, and hence
f(z) is self-invertible.

(c) If m >3k and & <k < 2. Then 2 < m. Again, it is easy to see that all
relations of Theorem 2.3 are satisfied, and therefore f(z) is self-invertible.

]

4 A relation with Strong Grobner Bases

Some results will be presented on Grobner bases associated to self-invertible cubic
and quartic permutation polynomials discussed in Section 2. In order to prove these
results we first recall some facts on Grobner bases.

Throughout this section, R will denote a (commutative) principal ideal ring. The
monoid of terms in z,...,x, is denoted by T'. We fix an admissible order “<” on
T. If f=>,crfit € Rloy,...,2,] \ {0} and v = max{t € T | f; # 0} then v
is called the leading term, f, the leading coefficient and f,v the leading monomial
of f, denoted 1t(f), le(f) and lm(f) respectively. If S C Rlxy,...,z,] \ {0}, we
write Im(.S) for {lm(g) | g € S}, and similarly for 1c(S) and 1t(S). Note that the
terminology “leading term”, “leading monomial”, etc. differs from [1].

Let us recall the definition of a G-polynomial (see [2]).

Definition 4.1. Let F = {fi,..., fx} C Rlz1,...,z,) \ {0}. A G-polynomial of
F is any polynomial Y5 citifi where S5 ¢;le(f;) € ged(Ie(F)), ¢; € R and t; =
lemdtE) — yr yrite Gpol(f) or Gpol(fi,..., fx) for the set of G-polynomials of

lt(s:)
{fi.- . fu}-

In [6] the following result (Lemma 5.7) was stated.

Let P ={fi..... fi}, F' ={f1,.... fi,} besubsets of R[xy,...,x,]\ {0} and let
h € Gpol(F'), h' € Gpol(F”). Then

1. Gpol(h,h') = Gpol(F U F").
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2. If k =k and lm(f;) | Im(f]) for i = 1,...,k, then lm(h) | Im(R').

However, condition 1 is not true as the following example due to Eva Zerz shows
([10]). Comsider F' = F' = {x + 1,y + 1} in Z[z,y], and h = I’ = 2y + x. Then,
Gpol(h) consists only of h and —h, but Gpol(F') contains all the polynomials of the
form ay(x + 1) + (1 — a)z(y + 1) where a € Z; in particular it also contains zy + y.

This example shows that in general Gpol(F U F’) ¢ Gpol(h, h'). Next we prove
that Gpol(h,h') C Gpol(FUF") and Im(Gpol(h, h')) = lm(Gpol(F U F"’)) which was
pointed out to Ana Salagean by Eva Zerz ([7]). First we recall the definitions of
Gpol-closed and Gpol-closure given in [6].

Definition 4.2. Let G be a finite non-empty subset of R[z1,...,z,) \ {0}. We say
that

1. G is Gpol-closed if for all g;, go € G with g1 # g2, there is an h € Gpol(g1, go)
which is strongly reducible wrt. G.

2. G is a Gpol-closure of G' C G if G is Gpol-closed and

G C U Gpol(F"). (19)

@#FIQG/

Lemma 4.3. Let F = {fi,..., fr}, F' ={f],..., fi.} be subsets of R[x1,...,z,]\
{0} and let hy € Gpol(F), hy € Gpol(F'). Then

1. Gpol(hy, hy) C Gpol(F' U F") and Im(Gpol(hy, ha)) = Im(Gpol(F U F")).

2. If k =K' and Im(f;) divides Im(f!) fori=1,... k, then Im(hy) divides Im(hs).

Proof. 1. Let g € Gpol(hy, he). Then g = c1t1hy + cotahy where hy € Gpol(F),
hy € Gpol(F"), t; = 1‘3“1(1’{;’(1; )lt (h2) ;i — 12 and eile(hn) + esle(hs) €
ged(le(hy), le(hs)).

Since hy € Gpol(F) and hy € Gpol(F’), we have h; = ZZ 1 disifi, he =
Zj L ;8% f; where S dile(fi) € ged(le(F)), Z] Vdile(f) € ged(le(F")),

~_ lemdty) - lemdtry) /
Si = Tty fori=1,...,k and s —lt(f') for j=1,...,K. Then

k %
g=c1 Y ditisifi+c2 Y ditas) f].
i=1 j=1
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lemdt(rur)) . ; _ lemdtrury)
—lt(fz) fori=1,... k and {35, = BRI
for j=1,... k. Indeed, since lt(s; f;) = lcm(lt(F)) and 1t(s’ f}) = lem(1t(F”))
we have lm(hy) = le(hy) - lem(16(F)) and lm(hy) = le(hs) - lem(I6(F”)) where

Zdlcf, and lc(hy) Zd’lc

Then 1t(hy) = lem(It(F)), lt(he) = lem(1t(F")) and

Now we show that ¢1s; =

lem(1t(hy),1t(he)) lem(1t(F))

S (T B (T
_ lem(lem(It(F)), lem(16(F”))) lem(l6(F))
lem(It(F)) ()
_lem(It(F U F))
B It(f:)

for+ =1,...,k. Similarly we obtain t28 lcm(llttw for j=1,... K.

On the other hand it is clear that cilc(hy) + CQZC(hQ) € ged(le(F'U F')) and
therefore g € Gpol(F'U F’). Thus Gpol(hy, he) C Gpol(F U F’). In particular,
lm(Gpol(hl,hg)) C lm(Gpol(F U F’)). Conversely, let f € Im(Gpol(F U F")).
Then [ = ZZ Lcitifi +5% e Lt 7 where

j=1"3"j

k K
Im(f) = (Z cile(fi) + Z cle f;.)) Jem(It(F U F)).

i=1
We must find ¢j, ¢5 € R such that
Im(f) = (eile(hn) + c3le(hy)) - lem(16(hy), 16(h2)),

or
k

k K K
Y dile(fi) +c3 Y dile(f]) = eide(fi) + Y ile(f)

i=1 j=1 i=1 j=1
since 1t(hy) = lem(1t(F)) and 1t(he) = lem(1t(F")).
Let C = 2% cile(f;) + Zf/zl cile(f;). We know that C' € ged(le(F U FY)),
le(hy) € ged(le(F)) and lc(he) € ged(le(F')). Let D € ged(le(hy),le(hs)).
Then (C')r = (D) g and therefore C' = uD for some unit u € R by Proposition
4.1 of [6]. Now if g = ¢js1hy + ¢5s2he then ug = u(cisihy + cysahse) and
lc(u™tg) = uctle(hy) +ucile(hy) = uD which implies that Im(Gpol(F U F')) C
Im(Gpol(hy, hs)).
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2. Suppose that k = £’ and Im(f;) | lm(f]) for all ¢ = 1,... k. Since lm(f;) =
le(f)lt(f;) and Im(f]) = le(f))1t(f]) there exists d; € R such that le(f)It(f) =
k.

dlc(Fe(f) for all i — 1, k. Hence, lo(f;) | 1e(f!) and 1t(f;) | 1¢(f?) for all

1=1,...,k.

As Im(hy) = le(hy)lem(16(F)) and lm(hy) = le(ho)lem(16(F")), it follows that
lem(It(F)) | lem(1t(F’

and lc(hy) € ged(le(F”

)). Similarly, lc(hq) | le(hg) since lc(hy) € ged(Ie(F))
)). Thus, lm(hq) | Im(hs).

]

The other results in [6] still hold but the proof of Proposition 5.8 requires revision.
We recall the definitions of reduction and strong reduction.

Definition 4.4. Let A be a commutative ring with 1 # 0. Let f € Alxy,...,2,]\{0}
and let G be a finite, non-empty subset of Alzy,...,z,) \ {0}.

1. We say that f reduces to h with respect to G in one step (and that f is reducible
with respect to G) if h = f — Zle citigi, where ¢; € A, t; € T, g; € G,

Im(f) = Zle citilm(g;) and ¢; # 0 implies c;le(g;) # 0 and It(f) = t;lt(g;).
We write this as f —¢ h.

2. We say that f strongly reduces to h wrt. G in one step (and that f is strongly
reducible wrt. G) if h = f —mg where g € G and m is a monomial such that
Im(f) =m-im(g). We write this as f —¢ h.

3. The reflexive and transitive closures of the relations —¢ and —¢q are denoted
—& and = respectively. When f —¢ h we say that f reduces to h wrt. G.
Similarly for the strong reduction.

Proposition 4.5. Let G,G' C R|xy,...,z,] \ {0} be finite sets satisfying condi-
tion (19). The following assertions are equivalent:

1. G is a Gpol-closure of G'.

2. For all non-empty F' C G', there is an h € Gpol(F") which is strongly reducible
wrt. G.

3. For all non-empty F' C G such that [t(F") is saturated wrt. [t(G'), there is
an h € Gpol(F") which is strongly reducible wrt. G.

4. For all f € Rlxy,...,x,|, [ is reducible wrt. G' if and only if [ is strongly
reducible wrt. G.

Proof. We need only change the proof of (2) = (1). The rest of the proof is the
same given in Proposition 5.8 of [6].
We need only show that G is Gpol-closed, so let hy, ho € G with hy # hy. From
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condition (19), there are F", F' C G’ such that h; € Gpol(F”’) and hy € Gpol(F").
By (2), there is an h € Gpol(F’ U F”) which is strongly reducible wrt. G. Suppose
that h strongly reduces to h' wrt. G in one step, say ' = h — mg for some g € G
and m is a monomial such that lm(h) = m - lm(g). By Lemma 4.3, Im(h) = Im(f)
for some f € Gpol(hy, he). Then f strongly reduces to f' = f —mg wrt. G in one
step and therefore f is strongly reducible wrt. G. [

It should be noted that with the modification in Lemma 4.3 the claims of Propo-
sition 5.10 and its consequences, particularly Corollary 5.13 of [6] still hold.

We end this note by giving a relationship between Grobner bases and the equa-
tions on the coefficients of quartic and cubic permutation polynomials given in The-
orem 2.3 and Remark 2.4 respectively, which characterize when these polynomials
are self-invertible. Before to state these claims we recall the following concepts.

Definition 4.6.

1. Let g1, 92 € R[x1,...,x,] be non-zero distinct polynomials. An S-polynomial of
g1 and go s any polynomial c1t1gy — cotage where,

crle(gr) — eale(ga) € lem(le(gr), le(g2)) # {0}

¢ € R and t; = lem(lt(gr), lt(g2))/1t(g;). The set of all S-polynomials of g1, go
will be denoted by Spol(g1, g2).

2. An A-polynomial of 0 # g € R|xy,...,x,] is any polynomial of the form ag
where a € R is such that (a)r = Ann(lc(g)). The set of all A-polynomials of
g will be denoted by Apol(g).

Theorem 4.7. Let p be a prime and n be a positive integer. The set
G={a+10+cc*}

is a strong Grébner basis for the ideal I = (G) in Zyn|a,b, c] with the lexicographic
order b > c > a.

Proof. Since the ring Z, is a finite-chain ring, we may apply Corollary 5.13 of [6].
We must show that

(A) for any g1, 92 € G with g; # g9, there is an h € Spol(gi, g2) such that h —% 0
and;

(B) for any g € G there is an h € Apol(g) such that h —¢ 0.

In order to check condition (A), from the definition of S-polynomial, given g1, g2 € G
we have to find an h of the form ci1t;9; — cotage such that cile(gr) = eole(ge) €
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lem(le(g1),1c(g2)) # {0} where ¢; € Zyn and t; = lcmdgéi?;lt(”)) for i = 1,2. Also

we need to show that h —¢, 0.

If g = a+1and g = b? + ¢, then lem(a,b?) = ab?, t; = b* and ¢, = a. Hence,
h=b(a+1)—a(b®+c) =0 —ac—»g —cla+1) »¢ 0, that is h % 0.

If g = a+1and go = ¢ then lem(a,c?) = ac?, t; = ¢® and ty = a. Hence,
h=c*a+1)—a(c?) =c*—50.

If g1 = b +cand go = ¢, then lem(b?, ¢?) = b*c?, t; = ¢* and t, = b%. Hence,
h=c*(b?+c) —b*(?) = -4 0.

In all cases above it is clear that cile(g1) = eale(ge) € lem(le(gr),1e(g2)) # {0}
Now, condition (B) is easy to check. This completes the proof. O

Theorem 4.8. Let p > 3 be a prime and n be a positive integer. The set
G ={a+1,c+b? 26" —3bd, 3b°d + 4d°, 17bd? b*d?, d*}

is a strong Grébner basis for the ideal I = (G) in Zyn|a, b, c,d] with the lexicographic
order ¢ > b >d > a.

Proof. As in the proof of Theorem 4.7 we must verify the following two conditions.
(A) for any ¢1, g2 € G with ¢g; # go, there is an h € Spol(gi, g2) such that h —F 0
and;

(B) for any g € G there is an h € Apol(g) such that h —, 0.

Since we have to verify condition (A) for 21 distinct pairs of elements of G, we
simply check it for some pairs and the rest can be checked in a similar way.

Given g1, go € G we have to find an h of the form c1t;91 — cotags such that cile(gy) =

cole(ge) € lem(le(gr),le(g2)) # {0} where ¢; € Zyn and t; = lemdto) e g,

Tt
i =1,2. Also we need to show that h —7, 0. !
Let’s consider the elements g; = 20 — 3bd and g, = 3b3d + 4d>. Since lem(b?, b3d) =
b*d we have that t; = d and to = b. Thus, putting h = 3d(2b*—3bd) —2b(3b3d+4d?) =
—9bd? — 8bd* = —17bd? it follows that h strongly reduces to 0 wrt. G in one step
and therefore h —7, 0.
Now if, for example, g; = ¢ + b and g = 2b* — 3bd, then lem(c, b?) = cb*, t; = b*
and ty = c¢. Thus, h = 2b*(c + b?) — ¢(2b* — 3bd) = 3cbd + 2b° strongly reduces to 0
wrt. G since h —¢ 20 — 3b3d —¢ 0.
As a final example, suppose that g; = c+b? and go = 3b3d+4d?. Then, lem(c, b*d) =
cb*d, t; = b*d and ty = c¢. Thus, h = 3b%d(c + b*) — ¢(3b%d + 4d*) = —4cd? + 3b°d
strongly reduces to 0 wrt. G since h —¢g 3b°d + 4b%d*> —¢ (4 +9 - 271)b2d* — ¢ 0.
Observe that in the previous examples the condition

cile(g1) = eale(ga) € lem(le(gy),le(g2)) # {0}

is satisfied.
Now, condition (B) is easy to check and the proof is completed. ]
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